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Introduction

This book can help you learn or review the fundamentals of “real-world” mathematics without taking a formal course. It can also serve as a supplemental text in a classroom, tutored, or home-schooling environment. Nothing in this book goes beyond the high-school level. If you want to explore any of these subjects in more detail, you can select from several Demystified books dedicated to mathematics topics.

How to Use This Book

As you take this course, you’ll find an “open-book” multiple-choice quiz at the end of every chapter. You may (and should) refer to the chapter text when taking these quizzes. Write down your answers, and then give your list of answers to a friend. Have your friend tell you your score, but not which questions you missed. The correct answer choices are listed in the back of the book. Stay with a chapter until you get most of the quiz answers correct.

The course concludes with a final exam. Take it after you’ve finished all the chapters and taken their quizzes. You’ll find the correct answer choices listed in the back of the book. With the final exam, as with the quizzes, have a friend reveal your score without letting you know which questions you missed. That way, you won’t subconsciously memorize the answers. You might want to take the final exam two or three times. When you get a score that makes you happy, you can (and should) check to see where your strengths and weaknesses lie.

I’ve posted explanations for the chapter-quiz answers (but not for the final-exam answers) on the Internet. As we all know, Internet particulars change; but if you conduct a phrase search on “Stan Gibilisco,” you should get my Web site as one of the first hits. You’ll find a link to the explanations there. As of this writing, the site location is

www.sciencewriter.net

Strive to complete one chapter every two or three weeks. Don’t rush, but don’t go too slowly either. Proceed at a steady pace and keep it up. That way, you’ll complete the course in a few months. (As much as we all wish otherwise, nothing can substitute for “good study habits.”) After you finish this book, you can use it as a permanent reference.

I welcome your ideas and suggestions for future editions.

Stan Gibilisco


chapter 1
Numerals

A number reveals a quantity, an amount, or an extent, but it’s not a material thing. You can imagine a number, but you can’t see one. In contrast, a numeral is a visible symbol (or group of symbols) that represents a number. Since the beginning of civilization, people have invented various numeral systems.


CHAPTER OBJECTIVES



In this chapter, you will

• Portray numbers in pictorial form.

• See how the ancient Romans expressed quantities as groups of letters.

• Learn how the Arabic numeration system works.

• Discover alternative counting methods.

• Convert quantities between different numeration systems.

Numeric Pictures

When you have a lot of things to count, you can arrange them into groups. In most of the world, people use the quantity we call ten as the basis for counting. Historians might debate how this idea got so well established. Maybe it arose when primitive people used the appendages on their hands to tally things up, just as children (and sometimes even I) still do. Based on that notion, you can portray the numeral representing ten items by writing down F’s for “fingers” and T’s for “thumbs” as

[image: image]

If you refer to your fingers and thumbs collectively as “digits” and do away with the distinction between your left hand and your right hand, you can denote the same quantity using D’s for “digits” as

[image: image]

Mathematicians call the numbering scheme based on multiples of ten the decimal numeration system. The number ten is written as the numeral 10. Two groups of ten make twenty (20); three groups of ten make thirty (30); four groups of ten make forty (40).

Tens aren’t the only number base (also called radix) that people employ when they want to describe things in terms of their quantity. People occasionally count things in dozens or groups of twelve. Your friendly local mathematician would call this scheme the duodecimal numeration system. You can show the concept of twelve items unambiguously using I’s (for “items”) as

[image: image]

When you have more than ten items and you want to represent the quantity in the decimal system, you state the number of complete tens with the extras left over. For example:

• The numeral 26 means two groups of ten along with six more

• The numeral 30 means three groups of ten along with no more

• The numeral 89 means eight groups of ten along with nine more

• The numeral 90 means nine groups of ten along with no more

• The numeral 99 means nine groups of ten along with nine more

• The numeral 100 means ten groups of ten along with no more

• The numeral 101 means ten groups of ten along with one more

TIP You can render numerals for increasingly large numbers by thinking about how you would pack things into trays or boxes. A tray might hold 12 rows of 12 apples, for example. Then you’d have room for 12 × 12, or 144 apples. That’s an example of how you can expand the duodecimal system, getting a dozen-dozen, also known as a gross. You might stack 12 trays of 144 apples, one on top of the other, in a cube-shaped box holding 12 × 12 × 12 apples. If you go to all that trouble, you’ll end up with 1728 apples. (I don’t know of any specific term for that quantity. Maybe we can call it a “hypergross” or a “grozen.”)

[image: image] PROBLEM 1-1_____________________

Draw a picture showing how you can divide a single large square into 100 smaller squares.

[image: image] SOLUTION_____________________

You can break the large square into 10 rows and 10 columns, as shown in Fig. 1-1. Each row contains 10 squares going across from left to right. Each column contains 10 squares going down from top to bottom. The total equals 10 × 10, or 100 small squares.



[image: image]

FIGURE 1-1 · You can divide a large square into 100 small squares by breaking the large square up into 10 horizontal rows and 10 vertical columns.

[image: image] PROBLEM 1-2_____________________

Draw two different pictures showing how you can portray the numeral 1000 as tiny squares within larger squares, all inside a massive rectangle.

[image: image] SOLUTION_____________________

You can create 10 identical “copies” of the large square from Fig. 1-1, and then assemble them in a single horizontal row or a single vertical column to create a huge rectangle such as the one shown in Fig. 1-2A. Then you’ll have [image: image] tiny squares. Alternatively, you can arrange the 10 duplicates of Fig. 1-1 into two rows of five large squares each, or two columns of five large squares each, to obtain a huge rectangle such as the one in Fig. 1-2B. In either case, you have a total of [image: image] tiny squares.



[image: image]

FIGURE 1-2 · At A, a single massive rectangle containing 1000 tiny squares in one row. At B, the same 1000 tiny squares in a massive rectangle with two rows.



[image: image] PROBLEM 1-3_____________________

Draw a picture that illustrates the concept of 10,000 as tiny squares within larger squares, all inside a massive square.

[image: image]

FIGURE 1-3 · You can assemble 100 large squares, each containing 100 tiny squares, into a massive array of 10,000 tiny squares.

[image: image] SOLUTION_____________________

You can create 100 identical “copies” of the large square from Fig. 1-1, and then assemble them just as you did with the original tiny squares, getting 10 rows of 10 large squares each. Figure 1-3 shows the result.



Roman Numerals

The counting scheme described at the start of this chapter resembles a system that much of the world worked with until a few centuries ago: the Roman numeration system, more often called Roman numerals. We use uppercase letters of the alphabet to represent quantities as follows:

• I means one

• V means five

• X means ten

• L means fifty

• C means a hundred

• D means five hundred

• M usually represents a thousand

• K sometimes represents a thousand

The people who designed the Roman system didn’t like to put down more than three identical symbols in a row. Instead of putting four identical symbols one after another, the writer would jump up to the next higher symbol and then put the next lower one to its left, indicating that the smaller quantity should be taken away from the larger. For example, instead of IIII (four ones) to represent four, you’d write IV (five with one taken away). Instead of XXXX (four tens) to represent forty, you’d write XL (fifty with ten taken away). Instead of MDXXXX to represent one thousand nine hundred, you’d write MCM (a thousand and then another thousand with a hundred taken away).

By now you must feel ready to shout, “No wonder people got away from Roman numerals. They’re confusing!” But confusion isn’t the only trouble with the Roman system. A more serious issue arises when you try to do arithmetic. The Roman scheme gives you no way to express the quantity zero. This detail might not seem important at first thought. But when you start adding and subtracting, and especially when you start multiplying and dividing, you’ll have a hard time getting along without zero. The numeral 0 serves as a placeholder, keeping the structure intact when you want to write any but the smallest numbers.


[image: image] Still Struggling

Let’s write down all the counting numbers from one to twenty-one as Roman numerals. This exercise will give you a sense of how the symbolic arrangements can represent adding-on or taking-away of quantities. The first three are easy: I means one, II means two, and III means three. To denote four, we write IV, meaning that we take one away from five. Proceeding along further, V means five, VI means six, VII means seven, and VIII means eight. To represent nine, we write IX, meaning that we take one from ten. Then X means ten, XI means eleven, XII means twelve, and XIII means thirteen. To denote fourteen, we write XIV, which means ten with four added on. Then XV means fifteen, XVI means sixteen, XVII means seventeen, and XVIII means eighteen. For nineteen, we write XIX, which means ten with nine more added on. Continuing, we have XX that stands for twenty, and XXI to represent twenty-one.



[image: image] PROBLEM 1-4_____________________

Write down some Roman numerals in a table. In the first column, put down the equivalents of one to nine in steps of one. In a second column, put down the equivalents of ten to ninety in steps of ten. In a third column, put down the equivalents of one hundred to nine hundred in steps of one hundred. In a fourth column, put down the equivalents of nine hundred ten to nine hundred ninety in steps of ten. In a fifth column, put down the equivalents of nine hundred ninety-one to nine hundred ninety-nine in steps of one.

[image: image] SOLUTION_____________________

Refer to Table 1-1. The first column lies farthest to the left, and the fifth column lies farthest to the right. For increasing values in each column, read downward. “Normal” numerals appear along with their Roman equivalents.



TABLE 1-1 Some examples of Roman numerals. From this progression, you can see how the system works for fairly large numbers.

[image: image]



Arabic Numerals

Mathematicians in southern Asia invented the numeration system that most of the world employs nowadays. During the two or three hundred years after the system’s first implementation, invaders from the Middle East picked it up. (Good ideas have a way of catching on, even among invaders.) Eventually, most of the civilized world adopted the Hindu-Arabic numeration system. The “Hindu” part of the name comes from India, and the “Arabic” part comes from the Middle East. You’ll often hear the symbols in this system referred to simply as Arabic numerals.

In an Arabic numeration system, every digit represents a quantity ranging from zero to nine: the familiar symbols 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. The original Hindu inventors of the system came up with an interesting way of expressing numbers larger than nine. They gave each digit more or less “weight” or value, depending on where it appeared in relation to other digits in the same numeral. These innovators got the idea that every digit in a numeral should have ten times the value of the digit (if any) to its right. When building up the numeric representation for a large number, there might be no need for a digit in a particular place, but a crucial need for a digit on either side of it—giving birth to the notion of 0, a numeral to represent nothing!

Figure 1-4 shows an example of a numeral that represents a large number. Note that the digit 0, also called a cipher, is just as important as any other digit. This diagram shows the quantity seven hundred eight thousand sixty-five. (Some people would call it seven hundred and eight thousand and sixty-five.) By convention, you can place a comma or space after every third digit as you go from right to left in a multi-digit numeral such as this one. Once you get to a certain nonzero digit as you work your way from right to left, all the digits farther to the left are understood to be ciphers, even though you won’t usually include them or even think about them.

[image: image]

FIGURE 1-4 · In the Arabic system, you can build up numerals digit-by-digit from right to left, giving each succeeding digit ten times the value of the digit to its right.

TIP Every digit 0 within a multi-digit numeral clarifies the values of digits to its left. In most situations, ciphers to the left of the leftmost nonzero digit have no significance. You’ll rarely see any of them written down. (How often, for example, do you find the numeral 41,567 written as 041,567 or 0,041,567?) Nevertheless, once in awhile you’ll find it helpful to insert one or more of these extra ciphers during a calculation, especially a long column of numbers that you want to add up. The additional zeros can help you keep track of which column is which.


[image: image] Still Struggling

Let’s make sure that we understand the difference between a counting number and a whole number. Usage varies depending on which text you consult. For our purposes, the counting numbers go as one, two, three, four, five, and so on. We can define all the counting numbers with the Roman numeration system. We’ll define the whole numbers as zero, one, two, three, four, five, and so on, so the whole numbers comprise all of the counting numbers along with zero.



People who used Roman numerals rarely had to work with numbers much larger than a thousand. But in today’s world of extremes, we deal with quantities that make a thousand seem tiny. Here are some of the names for numbers that we can denote by writing a numeral 1 followed by multiples of three ciphers, using the so-called short scale favored in the United States:

• The numeral 1 followed by three ciphers represents a thousand

• The numeral 1 followed by six ciphers represents a million

• The numeral 1 followed by nine ciphers represents a billion

• The numeral 1 followed by twelve ciphers represents a trillion

• The numeral 1 followed by fifteen ciphers represents a quadrillion

• The numeral 1 followed by eighteen ciphers represents a quintillion

• The numeral 1 followed by twenty-one ciphers represents a sextillion

• The numeral 1 followed by twenty-four ciphers represents a septillion

• The numeral 1 followed by twenty-seven ciphers represents an octillion

• The numeral 1 followed by thirty ciphers represents a nonillion

• The numeral 1 followed by thirty-three ciphers represents a decillion

Envision an endless string of ciphers continuing off to the left in Fig. 1-4, all of them gray (reminding you that each extra cipher stands ready to “morph” into some other digit if you want to express a huge number). If you travel to the left of the digit 7 in Fig. 1-4 by dozens of places, passing through 0 after 0, and then change one of those ciphers to the digit 1, the value of the represented number increases to a fantastic extent, demonstrating the power of the Arabic numeration system. A change in just one numeral can make a huge difference in the value of the whole number.

In the Arabic system, no limit exists as to how large a numeral you can represent. Even if a string of digits measures hundreds of kilometers long, even if it circles the earth, even if it goes from the earth to the moon—you can put a nonzero digit on the left or any digit on the right, and you get the representation for a larger whole number. Mathematicians use the term finite to describe anything that ends somewhere. No matter how large a whole number you want to express, the Arabic system lets you do it in a finite number of digits, and every single one of those digits comes from the basic collection { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 }. You needn’t keep inventing new symbols when numbers get arbitrarily large, as people had to do when the Romans ruled.

TIP You can portray every imaginable number as an Arabic numeral that contains a finite number of digits. But there’s no limit to the number of whole numbers you can denote that way. Mathematicians say that the group, or set, of all whole numbers has infinite (not finite) size.


[image: image] Still Struggling

Do you still wonder why you need the digit 0? After all, it represents “nothing.” Why bother with commas or spaces, either? As a matter of technical fact, you don’t absolutely need the digit 0 and the comma in order to write legitimate Arabic numerals. The original inventors of the system put down a dot or a tiny circle instead of the full-size digit 0. However, the cipher and the comma (or space) make errors less likely when you want to do arithmetic.



[image: image] PROBLEM 1-5_____________________

Imagine a whole number represented by a certain string of digits in the Arabic system. How can you change the Arabic numeral to make the number a hundred times as large, no matter what the digits are?

[image: image] SOLUTION_____________________

You can make any counting numeral stand for a number a hundred times as large by attaching two ciphers to its right-hand end. Try it with a few numerals and see. Don’t forget to include the commas where they belong! For example:

• 700 represents a quantity that’s a hundred times as large as 7

• 14,000 represents a quantity that’s a hundred times as large as 140

• 789,000 represents a quantity that’s a hundred times as large as 7890

• 1,400,000 represents a quantity that’s a hundred times as large as 14,000



What’s the Base?

The radix or base of a numeration system is the number of single-digit symbols that we need in order to render all the counting numbers. The radix-ten system, also called base-ten or the decimal numeration system, therefore, has ten symbols, not counting commas (or decimal points, which we’ll get into later). But we’ll occasionally encounter numeration systems that use bases other than ten, and that have more or less than ten symbols to represent the digits.

Doesn’t the numeral 5 always mean the quantity five, 8 always mean the quantity eight, 10 always mean the quantity ten, and 16 always mean the quantity sixteen? Not necessarily! These statements hold true in base-ten, but not necessarily in other bases. If we want to ensure that we have no ambiguity, so that we don’t have to refer to any number base at all, we can write down symbols in rows. For example:

• Here are five pound signs: #####

• Here are eight pound signs: ########

• Here are ten pound signs: ##########

• Here are twelve pound signs: ############

• Here are sixteen pound signs: ################

In a base-eight numeration system, we’d denote the number of pound signs in the first line of the above list as the numeral 5, the number of pound signs in the second line as the numeral 10, the number of pound signs in the third line as the numeral 12, the number of pound signs in the fourth line as the numeral 14, and the number of pound signs in the last line as the numeral 20.

TIP As you count upward from zero in the base-ten system, imagine proceeding clockwise around the face of a “ten-hour clock” as shown in Fig. 1-5A. When you’ve completed the first revolution, place a digit 1 to the left of the 0 and then go around again, keeping the 1 in the tens place. When you’ve completed the second revolution, change the tens digit to 2. You can keep going this way until you’ve completed the tenth revolution in which you have a 9 in the tens place. Then you must change the tens digit back to 0 and place a 1 in the hundreds place.

[image: image]

FIGURE 1-5 · Clock-like representations of digits in base-ten or decimal (A), Roman base-five (B), base-eight or octal (C), and base-sixteen or hexadecimal (D). (The octal and hexadecimal systems are discussed on pages 13 through 16.)

TIP The Roman numeration scheme can function as a base-five system, at least when you start counting in it. Imagine a “five-hour clock,” such as the one shown in Fig. 1-5B. You start with I (which stands for the number one), not with 0. You can complete one revolution and go through part of the second, and the system works okay because after the first revolution you can keep the V and start adding symbols to its right: VI, VII, VIII. But when you get past VIII (which stands for the number eight), you run into a problem. The number nine is not represented as VIV, although technically it could be. It’s written as IX, but X does not appear anywhere on the clock face. The orderliness of this system falls apart before you even get twice around!

[image: image] PROBLEM 1-6_____________________

Refer to the list of pound-sign quantities on page 11. If we work in a base-four numeration system, how should we denote the quantities in each line?

[image: image] SOLUTION_____________________

In the base-four scheme, we have only the four numerals 0, 1, 2, and 3 available. Let’s move in each numeral from right to left. We denote the number of pound signs in the first line as the numeral 11 (one times one, plus one times four), the number of pound signs in the second line as the numeral 20 (zero times one, plus two times four), the number of pound signs in the third line as the numeral 22 (two times one, plus two times four), the number of pound signs in the fourth line as the numeral 30 (zero times one, plus three times four), and the number of pound signs in the last line as the numeral 40 (zero times one plus four times four).



[image: image] PROBLEM 1-7_____________________

Refer to the list of pound-sign quantities one more time! If we work in a base-six numeration system, how should we denote the quantities in each line?

[image: image] SOLUTION_____________________

In the base-six scheme, we have the six numerals 0, 1, 2, 3, 4, and 5 available. Once again, we move in each numeral from right to left. We denote the number of pound signs in the first line as the numeral 5 (five times one), the number of pound signs in the second line as the numeral 12 (two times one, plus one times six), the number of pound signs in the third line as the numeral 14 (four times one, plus one times six), the number of pound signs in the fourth line as the numeral 20 (zero times one, plus two times six), and the number of pound signs in the last line as the numeral 24 (four times one, plus two times six).



Base Eight

Figure 1-5C shows an “eight-hour clock” that can demonstrate how the base-eight or octal numeration system works. You can use the same upward-counting scheme as you did with the “ten-hour clock,” skipping the digits 8 and 9 (which don’t exist in the octal system). When you finish the first revolution and you’re ready to start the second, place a 1 to the left of the digits shown, so you count

[image: image]

The string of three dots, called an ellipsis, indicates that a pattern continues for awhile, or perhaps even forever, saving you from having to do a lot of symbol scribbling. (You’ll see this notation often in mathematics.) Continuing through the second revolution and into the third, you count

[image: image]

When you finish up the eighth revolution and enter the ninth, you count

[image: image]

[image: image] PROBLEM 1-8_____________________

Convert the octal numeral 123 to its equivalent in the decimal system.

[image: image] SOLUTION_____________________

In the octal system, the digit farthest to the right represents the multiple of the decimal 1. As we go to the left:

• The second digit from the right tells us the multiple of the decimal 8

• The third digit from the right tells us the multiple of the decimal 8 × 8, or 64

• The fourth digit from the right tells us the multiple of the decimal 8 × 8 × 8, or 512

• The fifth digit from the right tells us the multiple of the decimal 8 × 8 × 8 × 8, or 4096

And so on it goes, as far to the left as we want! If we see the octal numeral 123, we know that it means 1 × 64 plus 2 × 8 plus 3 × 1 in decimal form. When we add those numbers up, we get [image: image].



Base Sixteen

Let’s invent one more strange clock. It has 16 hours as shown in Fig. 1-5D. You can see from this drawing how the base-16 or hexadecimal numeration system works. Use the same upward-counting scheme as you did with the “ten-hour clock” and the “eight-hour clock.” The hexadecimal system contains some new digits, in addition to those in the base-ten system:

• A stands for the decimal quantity ten

• B stands for the decimal quantity eleven

• C stands for the decimal quantity twelve

• D stands for the decimal quantity thirteen

• E stands for the decimal quantity fourteen

• F stands for the decimal quantity fifteen

When you finish the first revolution and move into the second, place a 1 to the left of the digits shown. You count

[image: image]

Continuing through the second revolution and into the third, you count

[image: image]

When you complete the tenth revolution and move into the eleventh, you count

[image: image]

It goes on like this with B, C, D, E, and F in the 16s place. Then you get to the end of the sixteenth revolution and move into the seventeenth:

[image: image]

[image: image] PROBLEM 1-9_____________________

Convert the hexadecimal numeral 2D03 to decimal form. Don’t use a computer or go on the Internet to find a Web site that will do it for you. Do it the “long way”!

[image: image] SOLUTION_____________________

To solve this problem, you must know the place values. The digit farthest to the right represents a multiple of the decimal 1. The next digit to the left represents a multiple of the decimal quantity sixteen. After that comes a multiple of the decimal two hundred fifty-six (or 16 × 16). Then comes a multiple of the decimal 4096 (or 16 × 16 × 16). Note that the hexadecimal D represents the decimal quantity thirteen. Now you can figure out the conversion as follows:

• In the 1s place you have 3, so you start out with 3

• In the 16s place you have 0, so you add [image: image] to what you have so far

• In the 256s place you have D, so you add [image: image] to what you have so far

• In the 4096s place you have 2, so you add [image: image] to what you have so far

Because no digits appear to the left of 2 in the hexadecimal expression, you’re finished at this point. The final result, expressed as a sum in decimal numerals, is

[image: image]



Base Two

When engineers began to build computers in the twentieth century, they wanted to denote numbers using only two digits: 0 to represent the “off” condition of an electrical switch, and 1 to represent the “on” condition. We can also call these states false/true, no/yes, low/high, or negative/positive, giving a binary numeration system. Figure 1-6 shows how we assemble numerals in the binary system. We simply double the value of each digit as we move place-by-place to the left. We start with a ones place at the extreme right, then a decimal twos place to the left of that, a decimal fours place to the left of that, a decimal eights place to the left of that, and so on.

[image: image]

FIGURE 1-6 · In the binary system, you can build up numerals digit-by-digit from right to left, giving each succeeding digit twice the value of the digit to its right. Note the absence of commas in this system.

TIP Every binary numeral has a unique equivalent in the decimal system, and vice-versa. When you use a computer or calculator and input a sequence of decimal digits, the machine converts it into a binary numeral, performs whatever calculations or operations you demand, converts the result back to a decimal numeral, and then displays that numeral. All of the conversions, calculations, and switching actions take place out of sight, at incredible speed.


[image: image] Still Struggling

Table 1-2 compares numerical values in the decimal, binary, octal, and hexadecimal systems from the decimal quantity zero to the decimal quantity sixty-four. Using this table, you can figure out (with a little thought and scribbling) how to convert larger decimal numerals to any of the other forms. Fortunately, the Internet offers plenty of computer programs and Web sites that will do such conversions for you!



[image: image] PROBLEM 1-10_____________________

Convert the binary numeral 10101 to decimal form.

[image: image] SOLUTION_____________________

In a binary expression, the digit farthest to the right represents a multiple of the decimal 1. The next digit to the left represents a multiple of the decimal two. After that comes a multiple of the decimal four, then a multiple of the decimal eight, then a multiple of the decimal sixteen, and so on. You can break the conversion down as follows:

• In the ones place you have 1, so you start out with 1

• In the twos place you have 0, so you add [image: image] to what you have so far

• In the fours place you have 1, so you add [image: image] to what you have so far

• In the eights place you have 0, so you add [image: image] to what you have so far

• In the sixteens place you have 1, so you add [image: image] to what you have so far

That’s as far as you can go. The final result, expressed as a sum in decimal numerals, works out as

[image: image]



TABLE 1-2 The conventional (or decimal) numerals 0 through 64, along with their binary, octal, and hexadecimal equivalents.

[image: image]

[image: image]

[image: image]

[image: image]


QUIZ



Refer to the text in this chapter if necessary. A good score is eight correct. Answers are in the back of the book.

1. Imagine that you have an unlimited supply of sugar cubes, all of which measure exactly one centimeter (a hundredth of a meter) along each edge. If you arrange a bunch of these little things into a hundred-by-hundred-cube array, thereby getting a large, flat “sugar slab” measuring one meter wide by one meter deep by one centimeter tall, how many small sugar cubes do you have in total? (Assume that you work in the decimal system.)

A. 10,000,000

B. 1,000,000

C. 100,000

D. 10,000

2. If you neatly stack a great many of the little sugar cubes described above into a hundred-by-hundred-by hundred-cube mass, thereby getting a “sugar block” measuring one meter wide by one meter deep by one meter tall, how many sugar cubes do you have in total? (Assume that you work in the decimal system.)

A. 10,000,000

B. 1,000,000

C. 100,000

D. 10,000

3. In the decimal system, the Roman numeral MCXI represents

A. 1111.

B. 1911.

C. 2005.

D. 1956.

4. In the octal numeral 5103, the digit 5 represents the decimal quantity

A. 2560.

B. 1280.

C. 640.

D. 320.

5. In Roman numerals, we represent the decimal 52 as

A. XII.

B. IIX.

C. LII.

D. LVV.

6. In the decimal numeral 335,427, the digit 4 represents

A. 40.

B. 400.

C. 4000.

D. 40,000.

7. In the octal numeration system, what follows 67?

A. 70

B. 68

C. 80

D. 100

8. In binary numerals, we represent the Roman VIII as

A. 1110.

B. 1000.

C. 1101.

D. 1011.

9. In the binary numeral 101010101, the leftmost digit represents

A. 64.

B. 128.

C. 256.

D. 512.

10. In the Roman numeration system, what symbol represents zero?

A. O

B. N

C. Z

D. The Roman system has no symbol for zero.


chapter 2
Quantities

Over the centuries, numbers have evolved from counting aids to scientific tools. Numbers have given rise to philosophers’ frustrations and geeks’ games. Most of us use numbers to tell us “how many” of this or “how much” of the other thing, and don’t dwell on them much beyond that. But numbers have interesting properties in their own right.


CHAPTER OBJECTIVES



In this chapter, you will

• See how numbers work for counting.

• Compare even and odd numbers.

• Define and identify prime numbers.

• Break whole numbers into products of primes.

• Discover negative numbers.

• Define and identify integers.

• Combine integers to get fractions.

Counting and Whole Numbers

We build up the set (collection) of counting numbers, also called the natural numbers, from a starting point of 1. We can write down the set of counting numbers as an “endless list” enclosed in curly brackets (technically called braces) as follows:

[image: image]

where n represents any counting number we want. When we add 0 to the set of counting numbers, we get the set of whole numbers, which we can write out by adding 0 at the beginning of the “endless list” of counting numbers:

[image: image]

Once again, n represents any whole number we want. We can visualize the counting numbers or the whole numbers as points evenly spaced along a half-line (also called a ray), where the size of the number varies in direct proportion to its distance from the starting point. Figure 2-1 shows a whole-number half-line. We can make it into a counting-number half-line if we remove the point for 0.

[image: image]

FIGURE 2-1 · We can denote the whole numbers or the counting numbers as an endless row of points along a half-line.

TIP The whole-number half-line and the counting-number half-line both contain infinitely many points. Although the whole-number half-line contains one more point than the counting-number half-line does, the two lines have equally many points! (If you add one to “infinity,” or if you take away one from “infinity,” you still end up with “infinity.”)


[image: image] Still Struggling

Diverse authors have used the terms whole number, natural number, and counting number interchangeably, and have never reached a total consensus as to whether or not they intend to include 0 in any of the sets. This indecision dates back more than a century! If you want to make sure that your readers will never get confused, you can call the whole numbers as defined here (including 0) the nonnegative whole numbers, and you can call the counting or natural numbers as defined here (not including 0) the positive whole numbers.



[image: image] PROBLEM 2-1_____________________

How can we explain in formal terms, and without resorting to vague expressions such as “infinity,” why equally many whole numbers and counting numbers exist?

[image: image] SOLUTION_____________________

Whenever a mathematician wants to prove that two sets contain the same quantity of objects, she finds a way to compare the sets “side-by-side” so that each object in one set has exactly one mate in the other set. Once she’s solved that problem, she’s found a one-to-one correspondence between the objects in the sets. In the case of the whole numbers versus the counting numbers, we can pair off each whole number with its counting-number mate by adding 1 to the whole number. Conversely, we can pair off each counting number with its whole-number mate by subtracting 1 from the counting number.



[image: image] PROBLEM 2-2_____________________

Draw a diagram with two half-lines side-by-side, illustrating how the one-to-one correspondence works in the solution to Problem 2-1.

[image: image] SOLUTION_____________________

Figure 2-2 shows the whole-number half-line (top) and the counting-number half-line (bottom) running parallel to each other with their starting points aligned. On both half-lines, the point sequences continue to the right without end. We can pair up the points one-for-one as shown by the vertical, dotted gray lines, no matter how far out along either half-line we go.

[image: image]

FIGURE 2-2 · Illustration for Problem 2-2 and its solution.



Even and Odd Whole Numbers

Imagine that we count up through the whole numbers starting with 0 and then skipping every other number. We write the numerals down to get the list

[image: image]

We’ve denoted the set of even whole numbers. Figure 2-3 shows the even values as light gray dots along the whole-number half-line.

[image: image]

FIGURE 2-3 · Even whole numbers (light gray dots) and odd whole numbers (black dots) alternate on the whole-number half-line.

Now let’s start over, but this time, we’ll begin at 1 instead of 0, and skip every other number to get the list

[image: image]

That’s the set of odd whole numbers. In Fig. 2-3, the odd values correspond to the black dots along the whole-number half-line.

TIP By definition, if you cut an even number in half, you always get a whole number. Also by definition, the odd whole numbers are precisely those that aren’t even, so if you cut an odd number in half, you never get a whole number.

TIP If you double a whole number, regardless of whether it’s even or odd, you always end up with an even number.

[image: image] PROBLEM 2-3_____________________

Equally many even numbers and whole numbers exist. How can we demonstrate the reason why?

[image: image] SOLUTION_____________________

We can pair off the even numbers and the whole numbers in a one-to-one correspondence. When we want to find the whole-number mate of any particular even number, we cut the even number in half. For example:

• 3 is the whole-number mate of the even number 6

• 10 is the whole-number mate of the even number 20

• 17 is the whole-number mate of the even number 34

When we want to find the even-number mate of any particular whole number, we double the whole number. For example:

• 10 is the even-number mate of the whole number 5

• 24 is the even-number mate of the whole number 12

• 46 is the even-number mate of the whole number 23



[image: image] PROBLEM 2-4_____________________

Draw a diagram with two half-lines side-by-side to illustrate the correspondence we described in the solution to Problem 2-3.

[image: image] SOLUTION_____________________

Figure 2-4 portrays, in graphical form, how the one-to-one correspondence works between the even and whole numbers as described in the solution to Problem 2-3. The vertical, dotted gray lines show the individual correspondences.



[image: image]

FIGURE 2-4 · Illustration for Problem 2-4 and its solution.

[image: image] PROBLEM 2-5_____________________

How can we explain why equally many odd numbers and whole numbers exist?

[image: image] SOLUTION_____________________

We can pair off the odd and whole numbers in a one-to-one correspondence. To determine the whole-number mate of any particular odd number, we subtract 1 from the odd number and then cut the result in half. For example:

• 2 is the whole-number mate of the odd number 5

• 8 is the whole-number mate of the odd number 17

• 15 is the whole-number mate of the odd number 31

To calculate the odd-number mate of any particular whole number, we double the whole number and then add 1 to the result. For example:

• 7 is the odd-number mate of the whole number 3

• 13 is the odd-number mate of the whole number 6

• 59 is the odd-number mate of the whole number 29



[image: image] PROBLEM 2-6_____________________

Draw a diagram with two half-lines side-by-side to graphically portray the one-to-one correspondence described in the solution to Problem 2-5.

[image: image] SOLUTION_____________________

Figure 2-5 shows how the one-to-one correspondence works between the odd and whole numbers, as described in the solution to Problem 2-5. The vertical, dotted gray lines show the individual correspondences.



[image: image]

FIGURE 2-5 · Illustration for Problem 2-6 and its solution.

Prime Numbers

We can break any whole number down into a product of whole numbers called factors. Sometimes we can carry out this process in only one way; more often we can do it in many ways. For example, we can split up the whole number 100 as follows:

[image: image]

As we take larger and larger whole numbers, we can usually find more and more different products of factors that “multiply up to it.” But exceptions occur! For example, if we try to break 101 down into whole-number factors, we find that we can do it in only one way: 101 × 1. The same thing happens with a lot of other numbers (infinitely many, in fact). If we encounter a whole number larger than 1 and we can’t split it into factors other than itself and 1, then we call it a prime number, or simply a prime.

TIP Most mathematicians don’t regard 1 as a prime number, even though its only whole-number factors are itself and 1.

TIP Whenever we come across a prime number, no matter how large, we can always find another prime number that’s larger. However, if we try to “predict” the value of that next-larger prime number, we’ll find the task impossible. We must test a whole number for factors to figure out whether or not it’s a prime. As you might guess, a computer comes in handy for that purpose!


[image: image] Still Struggling

Table 2-1 lists the first 50 prime numbers. Can you see a pattern? I can’t! As far as I know, no pattern exists. The prime numbers seem “randomly scattered” throughout the boundless expanse of the whole numbers. In any case, we know one thing for sure: However long we keep “grinding out” larger and larger primes, we’ll never finish the list, even if we live as long as the earth does. Mathematicians have proven that there are infinitely many prime numbers.



TABLE 2-1 The first 50 prime numbers, each of which we can split into only two different factors: itself and 1.

[image: image]

[image: image] PROBLEM 2-7_____________________

How many even prime numbers exist?

[image: image] SOLUTION_____________________

Only one! According to the foregoing definition, 2 is the only even prime. Whenever we take any even number larger than 2, we can break it down into 2 times some whole number that’s smaller than itself but larger than 1. For example:

[image: image]



Prime Factors

Prime numbers have a property that makes them ideal for finding factors of whole numbers: We can break down any nonprime whole number into a product of primes, which we call prime factors. For this reason, mathematicians call any product of primes a composite number. All the composites are composed of primes.

When we want to find the prime factors of a large number, we start by using a calculator to find the square root of the number. On my computer’s calculator, I can find a square root by entering the desired number and then clicking on a button marked with the radical sign (√). Once we’ve found the square root, we divide the original number by all the primes less than or equal to that square root. If we ever get a whole-number quotient during this process, then we know that the divisor and the quotient are both factors of the original number. Sometimes the quotient turns out prime, and sometimes it doesn’t. If it doesn’t, then we can factor it down further into primes. We must keep dividing the original by progressively smaller primes until we get down to 2.

Usually, the square root of a whole number is not another whole number. We need not worry about that detail when we want to find prime factors. We simply round the square root up to the next larger whole number, and then look up all the primes less than or equal to it.

TIP If Table 2-1 doesn’t extend far enough when you want to factor a large whole number into a product of primes, you can find plenty of prime-number lists on the Internet, some of which go beyond anything you’ll ever need.

[image: image] PROBLEM 2-8_____________________

Find the prime factors of 139.

[image: image] SOLUTION_____________________

When you use a calculator to find the square root of 139, you’ll get a number between 11 and 12. Round it up to 12. Now find all the prime numbers less than or equal to 12. From Table 2-1, you can see that they’re 2, 3, 5, 7, and 11. Divide 139 by each of these primes and look for whole-number quotients, as follows:

[image: image]

Here, “###” means a string of numbers with a recurring pattern too long to write down easily. (The pattern doesn’t matter if the number isn’t whole.) You know from the foregoing calculations that the only factors of 139 are 1 and itself, so by definition, 139 is prime.



[image: image] PROBLEM 2-9_____________________

Find the prime factors of 493.

[image: image] SOLUTION_____________________

Using a calculator to find the square root and then going up to the next higher whole number, you get 23. From Table 2-1, you can see that the primes that do not exceed 23 are 2, 3, 5, 7, 11, 13, 17, 19, and 23. Now divide 493 by each of these quantities and look for whole numbers:

[image: image]

The prime factors of 493 are 17 and 29, because 17 and 29 both appear in Table 2-1. You can’t factor 493 down in any other way, except, of course, as 493 × 1.

Negative Numbers and Integers

What do mathematicians and scientists mean when they talk about negative numbers? That question runs deeper than it seems at first thought. We can partially answer it, in practical terms, by imagining situations where we find negative numbers useful.

In the United States, most nonscientific people use the Fahrenheit temperature scale, where 32 degrees represents the freezing point of water. Scientists, and people outside the United States, use the Celsius temperature scale, where 0 degrees represents the freezing point of water. In either system, temperatures often get colder than 0 degrees. Then people use the words “negative” or “minus” to preface temperature values. For example, “negative 10 degrees” or “minus 10 degrees” translates to a temperature that’s 10 degrees colder than 0 degrees (in whatever scale we want to use). Some people would say “10 below zero” or “10 below.”

Here’s another real-life situation where negative numbers come in handy. These days, nearly everyone has a credit card. When you first get the card, it has a balance of 0 dollars ($0.00); you haven’t deposited any money in the card’s account, but you don’t owe the bank any money, either. (At least that’s the case if you deal with a good bank!) What if you buy some items at the local department store, “charging” up a balance of $49.00? How much money is in the account now? If you think of it as the bank’s account, then they have a claim to $49.00 of your money. If you think of it as your account, then you’re $49.00 in debt. You have, in a sense, negative $49.00. If you go to another store and charge $10.25 more, you’ll end up with negative $59.25. In theory, there’s no limit to how large negatively your account, in dollars, can become. (In practice, the bank will put a limit on it.)

We denote a negative whole number by putting a minus sign in front of a counting number. The exception is 0, where a negative sign doesn’t change the meaning. “Negative 0” is the same thing as “positive 0” in ordinary mathematics. In the credit-card situation just described, you start out with $0.00 and then go to -$49.00, then to -$59.25. The same thing can happen with temperature. If it was 0 degrees yesterday afternoon and then the temperature fell by 10 degrees overnight, it was −10 degrees in the morning.

When we combine all the negative whole numbers with all the “conventional” whole numbers (0, 1, 2, 3, and so on), we get the integers, which we can portray as the following “endless list”:

[image: image]

TIP Figure 2-6 shows a line along which we represent the integers as points. The integers get smaller as we move to the left, and larger as we move to the right. For example, −5 is smaller (or less) than −2, and any negative integer is smaller (or less) than any counting number. Conversely, −2 is larger (or greater) than −5, and any counting number is larger (or greater) than any negative integer.

[image: image]

FIGURE 2-6 · We can denote the integers as an endless row of points along a line that runs infinitely far to the left and infinitely far to the right.


[image: image] Still Struggling

You ask, “How can an integer such as, say, −158 be smaller than −12? If I find myself in debt by $158.00, isn’t it a bigger problem than if I’m in debt by $12.00?” In the pure mathematical sense, the integer −158 is indeed smaller than −12, just as a temperature of −158 degrees is colder than −12 degrees. In fact, the integer −158 is less than −12 or −32 or −157. But the value of −158 is larger negatively than the value of −12 or −32 or −157. If you want to avoid confusion when comparing numbers, you’d better choose your words carefully!



[image: image] PROBLEM 2-10_____________________

In the wild world of mathematics, equally many integers and nonnegative whole numbers exist. How can we pair off the integers with the nonnegative whole numbers in a one-to-one correspondence to demonstrate this fact?

[image: image] SOLUTION_____________________

We can pair off the numbers in “parallel sequences” with the nonnegative whole numbers ascending and the integers alternating, as follows:

• The whole number 0 maps to and from the integer 0

• The whole number 1 maps to and from the integer 1

• The whole number 2 maps to and from the integer −1

• The whole number 3 maps to and from the integer 2

• The whole number 4 maps to and from the integer −2

• The whole number 5 maps to and from the integer 3

• The whole number 6 maps to and from the integer −3

• The whole number 7 maps to and from the integer 4

• The whole number 8 maps to and from the integer −4

• The whole number 9 maps to and from the integer 5

and so on, for as long as we want to keep going!



[image: image] PROBLEM 2-11_____________________

Draw a diagram that shows the one-to-one correspondence described in the solution to Problem 2-10.

[image: image] SOLUTION_____________________

Figure 2-7 puts the one-to-one correspondence described in the solution to Problem 2-10 into pictorial form. The slanting, dotted gray lines show the individual correspondences.

[image: image]

FIGURE 2-7 · Illustration for Problem 2-11 and its solution.



Between the Integers

Now that we’ve defined all the positive and negative whole numbers, let’s think about nonwhole fractions (fractions other than those that, by happenstance, work out as whole numbers). Imagine a circular dessert pie. We want to divide the pie up equally among a certain number of people. For any particular pie, as the number of hungry people increases, each person will get a smaller portion. If we want to divide a pie equitably among three people, then we’ll cut it into three equal parts called thirds. If we have four people, we’ll cut the pie into four equal parts called fourths. For five people, we’ll cut the pie into five equal parts called fifths. If we have seven people, we’ll slice up the pie to get seven equal portions called sevenths. Using numerals and a forward slash:

• We denote one-third by writing 1/3 as shown in Fig. 2-8A

• We denote one-fourth by writing 1/4 as shown in Fig. 2-8B

• We denote one-fifth by writing 1/5 as shown in Fig. 2-8C

• We denote one-seventh by writing 1/7 as shown in Fig. 2-8D

[image: image]

FIGURE 2-8 · We can divide an object into three equal parts to get thirds (at A), four equal parts to get fourths (at B), five equal parts to get fifths (at C), and seven equal parts to get sevenths (at D).

In general, for any counting number n, we can write one-nth as 1/n.

TIP As we bring more and more people to a dining-room table with a single pie, we’ll have to convince each person to accept smaller and smaller portions if we want all the people to get equal amounts. As the number of people grows without limit, the size of each person’s portion diminishes toward nothing! As the value of a counting number n increases without limit, the value of the fraction 1/n approaches 0.

Imagine that our guests have received their portions of pie, but for some reason, not all of the people want to actually eat the stuff! For example, we might have three people at the table, but only two of them want pie. If we’ve cut up the pie into thirds, we’ll end up serving two of those thirds (two-thirds or 2/3), leaving the remainder shown in Fig. 2-9A. If we have four people at the table and we cut up the pie into fourths and then find out that only three people want pie, then we’ll end up serving three-fourths (3/4) of the pie, as shown in Fig. 2-9B. If we have five people and it turns out that only three of them hanker for pie, we’ll serve three-fifths (3/5) of the dessert, as shown in Fig. 2-9C. If seven people sit at the table and only four of them pine for a piece of pie after we’ve cut it up, we’ll give away four-sevenths (4/7) of the pie, as shown in Fig. 2-9D. Regardless of how many people sit at our table, and regardless of how many of those people want the pie that we offer, we’ll always end up serving some fractional amount less than or equal to 1 (the whole pie, if everyone wants some) and greater than or equal to 0 (no pie at all, if nobody wants any).

[image: image]

FIGURE 2-9 · Multiple pieces of an object give us fractional parts such as two-thirds (at A), three-fourths (at B), three-fifths (at C), and four-sevenths (at D).

TIP We’ve just generated, in mouth-watering terms, a scheme with which we can define all possible nonwhole fractions between and including 0 and 1.

Nonwhole fractions exist outside the range between 0 and 1. We can get any possible nonwhole fractional quantity by adding or subtracting counting numbers from a fraction that lies between 0 and 1. For example, when we add 1 to 2/3, we get 1-2/3. (Here, the dash does not act a minus sign! Instead, it visually separates the whole-number part of the numeral from the nonwhole fractional part.) We can also call the foregoing quantity 5/3, because 1 equals 3/3, and when we add 2 / 3 to 3/3 we get 5/3.

Now imagine a situation in which we expect a large number of guests to visit our dessert table. We decide that one pie won’t provide enough for everybody, so we buy three pies. We decide that 1/7 of a pie constitutes a reasonable portion for each person: enough to satisfy, but not so much as to overfill! Suppose that 15 hungry people show up, and they all promise to eat their pie. We cut each of the three pies into sevenths, and give each of person one piece. Figure 2-10 shows the result. We account for two whole pies plus 1/7 of the third pie. (We keep the remaining 6/7 of the third pie for our own family, so that we can eat it at a later date, like tomorrow!) We’ve served 2-1/7 pies to our dessert guests. Alternatively, we can say that we’ve given away 15/7 pies.

[image: image]

FIGURE 2-10 · We can portray a fraction larger than 1 as multiple objects plus part of another object. In this case we have two whole pies plus one-seventh of a third pie, giving us a total of two and one-seventh (or fifteen-sevenths) pies.

We can find fractions having infinitely many values greater than or equal to 0 when we divide a whole number by a counting number. Usually, such fractions will turn out nonwhole, such as 15/7 or 73/5 or 101/47. However, every once in awhile we’ll get a fraction that works out as a whole number, such as 5/5 (which equals 1) or 20/4 (which turns out as 5) or 1100/55 (which works out as 20). Once we’ve “built up” the set of all possible fractions greater than or equal to 0, we can create a “mirror image” of the whole set by imagining a negative sign in front of every single value.

[image: image] PROBLEM 2-12_____________________

Imagine that we have 12 guests at our dessert table. Of these people, 11 want pie, but they express (in no uncertain terms) that they’re not only hungry, but ravenous. They each demand 1/4 of a pie! How many pies will we need, and how should we cut them up?

[image: image] SOLUTION_____________________

We can take three pies and cut them each into fourths. When we do that, we’ll use up two of the pies (4/4 plus 4/4), and 3/4 of the third pie, as shown in Fig. 2-11. The remaining 1/4 of the third pie can go into the refrigerator, and we can eat it at a later time (such as two seconds after the last dessert guest leaves). Alternatively, we can give that last 1/4 of a pie to the dessert guest who wasn’t hungry for it. We can put the piece of pie in a “doggie bag” for that guest to take home, in case she (or her dog) wants to eat it later that evening.



[image: image]

FIGURE 2-11 · Illustration for Problem 2-12 and its solution.

QUIZ

Refer to the text in this chapter if necessary. A good score is eight correct. Answers are in the back of the book.

1. Which of the following statements concerning even whole numbers doesn’t always hold true?

A. We can split an even whole number into a product of primes.

B. If we cut an even whole number in half, we get a whole number.

C. If we cut an even number in half, we get an odd whole number.

D. If we add 1 to an odd whole number, we get an even whole number.

2. Which of the following numbers is not prime?

A. 2

B. 7

C. 37

D. 39

3. If we cut an odd number in half, we get

A. an even number.

B. a nonwhole fractional quantity.

C. an integer.

D. another odd number.

4. If we cut a prime number in half, we’ll get

A. a whole number in one case, and nonwhole fractions in all the other cases.

B. an even number in one case, and odd numbers in all the other cases.

C. another prime number in every case.

D. a nonwhole fractional quantity in every case.

5. We can prove that two sets of numbers are the same size by

A. subtracting one from the other to get zero.

B. adding them to each other to get a new set that’s twice as large as either of the original sets.

C. finding a one-to-one correspondence between them.

D. dividing one by the other to get 1.

6. Which of the following fractions constitutes a whole number?

A. 71/47

B. 123/41

C. 69/89

D. 20/40

7. We call a counting number prime if

A. we can whole-number factor it into itself and 1, but in no other way.

B. it’s odd, and it’s also an even multiple of some other odd number.

C. it’s even, and it’s also an odd multiple of some other even number.

D. Any of the above

8. Which of the following numbers is prime? Use the test for prime factors described earlier in this chapter.

A. 3723

B. 3717

C. 3703

D. 3697

9. Suppose that we have three identical pies and 18 people, all of whom tell us that they’re hungry for pie. We want to give each person an equal amount, and we also want to make sure that we give each person the maximum possible amount given the quantity of pie that we have on hand. We should cut each of the three pies up into

A. thirds.

B. fourths.

C. fifths.

D. sixths.

10. Imagine that, after we’ve cut up the pies and served them to our 18 dessert guests, two of those guests decide that they don’t want their portion. They give their pieces of pie back to us. We’re left with

A. 2/3 of a pie.

B. 1/2 of a pie.

C. 1/3 of a pie.

D. 1/4 of a pie.
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