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List of Symbols

Natural or counting numbers: [image: image] = {1, 2, 3, 4, 5, …}

Prime numbers = {2, 3, 5, 7, 11, 13, …}

Whole numbers = W = {0, 1, 2, 3, 4, 5, …}

Integer numbers = [image: image] = {…, −6, −5, −4, −3, −2, −1, 0, 1, 2, 3, …}

Rational numbers = [image: image] = {numbers of the form a/b with a and b integers and b ≠ 0}

Irrational numbers = {numbers that cannot be represented as the quotient of two integers}

Real numbers = [image: image] = {all rational and irrational numbers}

Complex numbers = [image: image] = {numbers of the form a+ib with a and b real numbers and i such that i2 = −1}

n! = n × (n − 1) × (n − 2) × … × 3 × 2 × 1 n! (read “n factorial”) is defined for all n ≥ 0. By definition 0! =1.

{x | x has a certain property} gives the description of a set. In this context the symbol “|” is read “such that.” All objects that have the required property are called “elements” of the set.

a ∈ A: a is an element of the set A (see Section on Basic Set Theory in Chapter 4)

a ∉ A: a is not an element of the set A (see Section on Basic Set Theory in Chapter 4)

A ⊆ B: the set A is contained (or equal to) in the set B (see Section on Basic Set Theory in Chapter 4)

A ∪ B: read “A union B” (see Section on Basic Set Theory in Chapter 4)

A ∩ B: read “A intersection B” (see Section on Basic Set Theory in Chapter 4)

A’ = C(A): read “complement of A” (see Section on Basic Set Theory in Chapter 4)

|x| = absolute value of x = distance from 0 to [image: image]




Some Facts and Properties of Numbers


Trichotomy Property of Real Numbers

Given two real numbers a and b, exactly one of the following three relations holds true: 1) a < b; 2) a = b; 3) a > b.




Selected Relations, Definitions, and Properties of Integer, Rational, and Irrational Numbers

The following definitions are given only for integer numbers:

An integer number a is divisible by a nonzero integer number b if there exists an integer number n such that a = bn. The number a is said to be a multiple of b, and b is said to be a divisor (or a factor) of a.

Numbers that are multiples of 2 are called even. Therefore, for any even number a there exists an integer number k such that a = 2k. Numbers that are not divisible by 2 are said to be odd; thus, any odd number t can be written as t = 2s + 1 for some integer number s.

The following relations, definitions, and properties are given only for positive integer numbers:

A counting number larger than 1 is called prime if it is divisible only by two distinct counting numbers, itself and 1. Because of this definition, the number 1 is not a prime number.

The lcm(a, b) = least common multiple of a and b, call it L, is the smallest multiple that the positive integers a and b have in common. Therefore,


i. there exist two positive integers n and m such that L = an and L = bm;

ii. if M is another common multiple of a and b, then M is a multiple of L; and

iii. L ≥ a and L ≥ b.



The GCD(a, b) = greatest common divisor of a and b, call it D, is the largest divisor that the positive integers a and b have in common. Therefore,


i. there exist two positive integers s and t such that a = Ds and b = Dt; with s and t relatively prime (i.e., having no common factors);

ii. if T is another common divisor of a and b, then T is a divisor of D; and

iii. D ≤ a and D ≤ b.



If GCD(a, b) = 1, then a and b are said to be relatively prime.

There are two equivalent definitions that are usually employed when dealing with rational numbers. The first is the one given above, with rational numbers considered to be the ratio (quotient) of two integers, where the divisor is not equal to zero. When using this definition, it might be useful to remember that it is always possible to represent a rational number as a fraction whose numerator and denominator have no common factors (relatively prime) (e.g., use 1/3 instead of (−6)/(−18) or 3/9). This kind of fraction is said to be in reduced form.

The second definition states that a number is rational if it has either a finite decimal part OR an infinite decimal part that exhibits a repeating pattern. The repeating set of digits is called the period of the number. It can be proved that these two definitions are equivalent.

The two definitions used for rational numbers generate two definitions for irrational numbers. The first one is the one given above. The second states that a number is irrational if its decimal part is infinite AND does not exhibit a repeating pattern.




Well-Ordering Principle

Every nonempty set of nonnegative integers contains a smallest element.




Division Algorithm

Let a and b be two integers. Then there exist two integers q and r such that
[image: image]
with 0 ≤ r < |b|. The number q is the quotient, the number r is the reminder. (For a proof of this fact see the section on Existence Theorems in Chapter 3.)






Some Facts and Properties of Functions

Let f and g be two real 0 valued functions. Then it is possible to construct the following functions:


1. f + g defined as (f + g)(x) = f(x) + g(x)

2. f − g defined as (f − g)(x) = f(x) − g(x)

3. fg defined as (fg)(x) = f(x)/g(x)

4. f/g defined as (f/g)(x) = f(x)/g(x) when g(x) ≠ 0

5. [image: image] defined as [image: image]



The domains of these functions will be determined by the domains and properties of f and g.

A function f is said to be


1. Increasing if for every two real numbers x1 and x2 such that x1 < x2, it follows that
[image: image]

2. Decreasing if for every two real numbers x1 and x2 such that x1 < x2, it follows that
[image: image]

3. Nondecreasing if for every two real numbers x1 and x2 such that x1 < x2, it follows that
[image: image]

4. Nonincreasing if for every two real numbers x1 and x2 such that x1 < x2, it follows that
[image: image]

5. Odd if f(−x) = −f(x) for all x.

6. Even if f(−x) = f(x) for all x.

7. One-to-one if for every two real numbers x1 and x2 such that x1 ≠ x2, it follows that f(x1) ≠ f(x2).

8. Onto if for every value y there is at least one value x such that f(x) = y.
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Chapter 1

Getting Started


Introduction and Basic Terminology

Have you ever felt that the words mathematics and frustration have a lot in common? There are many people who feel this way, including, frequently, some very good mathematicians. At the beginner’s level—the level for readers of this book—this feeling is often the result of the use of an unproductive and often unsystematic (and panicky) approach that leads to hours of unfruitful work. When anxiety sets in, memorization may look like the way to “survival.” But memorization without a thorough understanding is usually a poor and risky approach, both in the short term and in the long run. It is difficult to recall successfully a large amount of memorized material under the pressure of an exam or a deadline. Moreover, it is very easy for most of this material to quickly fall into oblivion if not used. The combination of these two aspects will render most of the work done completely useless, and it will make future use of the material very difficult. The worst consequence is that no ownership of the subject is gained.

The construction of airtight logical constructions, “proofs,” represents one of the major obstacles mathematical neophytes face when making the transition to more advanced and abstract material. It might be easy to believe that all results already proved are true and that there is no need to check them or understand why they are true. But there is much to be learned from understanding the proofs behind the results. Such an understanding gives us new techniques that we can use to gain an insider’s view of the subject, obtain other results, remember the results more easily, and be able to derive them again if we want to. And the understanding will make us see and appreciate the intrinsic beauty of mathematics.

To learn how to read and understand proofs (this term will be defined more precisely in the next few paragraphs) already written in a textbook, and to learn how to construct proofs on our own, we will proceed by breaking them down into a series of simple steps and looking at the clues that lead from one step to the next. “Logic” is the key that will help us in this process. We will use the words “logic” and “logical” according to the definition suggested by Irving Copi: “Logic is the study of methods and principles used to distinguish good (correct) from bad (incorrect) reasoning.” Before we start, though, we need to know the precise meaning of some of the most common words that appear in mathematics and logic books.

Statement: A statement is a sentence expressed in words (or mathematical symbols) that is either true or false. Statements do not include exclamations, questions, or orders. A statement cannot be true and false at the same time, though it can be true or false when considered in different contexts or at different times. For example, the statement “No man has ever been on the Moon” was true in 1950, but it is now false.

A statement is simple when it cannot be broken down into other statements (e.g., “It will rain.” “Two plus two equals four.” “I like that book.”). A statement is composite when it is built by using several simple statements connected by punctuation and/or words such as and, although, or, thus, then, therefore, because, for, moreover, however, and so on (e.g., “It will rain, although now it is only windy.” “I like that book, but the other one is more interesting.” “If we work on this problem, we will understand it better.”).

A statement that is always true (e.g., “A white horse is white.” “Either you have a dollar bill or you do not.”) is called a tautology. On the other hand, a sentence whose truth cannot be established is called a paradox. A classic example is given by the sentence “This sentence is false.” If we decide that the sentence is true, then it is indeed true that the sentence is false! If we decide that the sentence is false, then it is false that the sentence is false. Thus the sentence must be true!

Hypothesis: A hypothesis is a statement that it is assumed to be true, and from which some consequence follows. (e.g., In the sentence “If we work on this problem, we will understand it better” the statement “we work on this problem” is the hypothesis.)

There are other common uses of the word hypothesis in other scientific fields, and they are considerably different from the one listed here. For example, in mathematics hypotheses are never tested. In other fields (e.g., statistics, biology, psychology) scientists discuss the need “to test the hypothesis.”

Conclusion: A conclusion is a statement that follows as a consequence from previously assumed conditions (hypotheses). (e.g., In the sentence “If we work on this problem, we will understand it better” the statement “we will understand it better” is the conclusion.) In the book The Words of Mathematics Steven Schwartzman (page 52) writes “In mathematics, the conclusion is the ‘closing’ of a logical argument, the point at which all the evidence is brought together and a final result obtained.”

Definition: A definition is an unequivocal statement of the precise meaning of a word or phrase, a mathematical symbol or concept, to end all possible confusion. Definitions are like the soil in which a theory grows, and it is important to be aware of the fact that mathematicians do not coin new definitions without giving the process a lot of thought. Usually a definition arises in a theory to capture the properties of some concept that will be crucial in the development and understanding of that theory. Therefore, it is difficult to understand and work with results that use technical terms when the definitions of these terms are not clear. This is similar to working with tools we are not sure how to use or to speaking a language using words whose meaning is not clear. Knowing and understanding definitions will save a lot of time and frustration.

This is not to suggest that definitions should be memorized by rote, without understanding them. It is a good idea to work with new definitions to be sure that their meanings and immediate consequences are clear, so that it will be possible to recall them quickly and appropriately. It is easy to fall behind during a lecture because the speaker is using unfamiliar words and it is easy to miss much of the speaker’s argument while either trying to remember the meaning of the technical terms used or losing interest altogether, thus not understanding what is being said. In this situation, conscious or unconscious doubts about one’s technical/mathematical abilities creep in, making successful and efficient learning more difficult.

Therefore, we should make sure to have a good starting point by having a clear and thorough understanding of all necessary definitions. It is usually helpful to pin down a definition by finding some examples of objects that satisfy it and some examples of objects that do not satisfy it. Do not confuse the two concepts though; examples are not definitions, and cannot replace them.

Proof: A proof is a logical argument that establishes the truth of a statement beyond any doubt. A proof consists of a finite chain of steps, with each one of them being a logical consequence of the previous one. Schwartzman (page 174) explains “the Latin adjective probus means ‘upright, honest,’ … The derived verb probare meant ‘to try, to test, to judge.’ One meaning of the verb then came to include the successful result of testing something, so to prove meant ‘to test and find valid.’ … In a deductive system like mathematics, a proof tests a hypothesis only in the sense of validating it once and for all.”

Theorem: A theorem is a mathematical statement whose truth can be established using logical reasoning on the basis of certain assumptions that are explicitly given or implied in the statement (i.e., by constructing a proof). The word theorem shares its Greek root with the word theater. Both words are derived from the root thea, which means “the act of seeing.” Indeed the proof of a theorem usually allows us to see further into the subject we are studying.

Lemma: A lemma is an auxiliary theorem proved beforehand, so that it can be used in the proof of another theorem. This word comes from the Greek word that means “to grasp.” Indeed in a lemma one “grasps” some truth to be used in the proof of a larger result.

The proofs of some theorems are long and difficult to follow. In these cases it is common for one or more of the intermediate steps to be isolated as lemmas and to be proved ahead. Then, in the proof of the theorem we can refer to the lemmas already established and use them to move to the next step. Often the results stated in lemmas are not very interesting by themselves, but they play key roles in the proof of more important results. On the other hand, there are some lemmas that are used in so many different cases and are so important that they are named after famous mathematicians.

Corollary: A corollary is a theorem that follows logically and easily from a theorem already proved. Corollaries can be important theorems. The name, which derives from the Latin word for “little garland,” underlines the fact that the result stated in a corollary follows naturally from another theorem. The James & James Mathematics Dictionary defines a corollary as a “by-product of another theorem.”






General Suggestions

The first step, whether we are trying to prove a result on our own or we are trying to understand someone else’s proof, consists of clearly understanding the assumptions (hypotheses) made in the statement of the theorem and the conclusion to be reached. In this way we are establishing the starting and ending points of the logical process that will take us from the hypotheses to the conclusion. We must understand the meaning of the hypotheses so that we can use the full strength of the information we are given, either implicitly or explicitly, to achieve the desired result. It is essential to check all technical words appearing in the statement and to review the definitions of the ones whose meanings are not clear and familiar.

Example 1.1

Suppose we are going to prove the following statement: If a triangle is equilateral, then its internal angles are equal.

We start with the following information:


i. the object is a triangle (explicit information); and

ii. the three sides have the same length (explicit information from the word equilateral).



But what else do we know about triangles; that is, what implicit information do we have? We can use any previously established result, not only about triangles, but also, for example, about geometric properties of lines and angles in general (implicit information).

The conclusion we want to reach is that “the internal angles of the triangle are equal.” Therefore it will be extremely important to know the definition of “internal angles of a triangle” as well.

Consider the following statement: The number a is a nonzero real number.

The statement gives the following information:


i. the number a is different from zero (explicit information); and

ii. the number a is a real number (explicit information).



As mentioned previously, the second fact implicitly states that we can use all properties of real numbers and their operation that the book has already mentioned or requires readers to know (implicit information). Sometimes the hypotheses, as stated, might contain nonessential details, which are included for the sake of clarity.




Example 1.2

1. Consider the triangle ABC.

2. Let A be the collection of all even numbers.

3. Let a be a nonzero real number.



The fact that the triangle is denoted as ABC is not significant. We can use any three letters (or other symbols) to name the three vertices of the triangle. In the same way, we can use any letter to denote the collection of all even numbers and a nonzero real number. The most important thing is consistency. If we used the letters A, B, and C to denote the vertices of a triangle, then these letters will refer to the vertices of the triangle any time they are mentioned in that context, and they cannot be used to denote another object.



Only after we are sure that we can identify the hypothesis and the conclusion, and that we understand the meaning of a theorem to be proved, we can go on to read, understand, or construct its proof (that is, a logical argument that will establish how and why the theorem we are considering is true). It is important to observe that a mathematical statement to be proved does not exist in a vacuum, but it is part of a larger context. Therefore the construction of its proof might change significantly, depending on the material previously introduced. Indeed all the results already established and all the definitions already stated as parts of a context can be used in the construction of the proofs of other results in that same context. As this book focuses more on the “nuts and bolts” of proof design than on the development of a mathematical theory, it does not include the construction of a mathematical setting for the material presented. This approach is supposed to provide the reader with the basic tools to use for the construction of proofs in a variety of mathematical settings.

At this point, we want to emphasize the difference between the validity of an argument and the truth/falsity of the results of an argument. An argument is valid if its hypothesis supplies a sufficient and certain basis for the conclusion to be reached. An argument can be valid and reach a false conclusion, as in the following example, in which one of the hypotheses is false:

All birds are able to fly. Penguins are birds.

Therefore penguins are able to fly.

An argument can be invalid and reach a true conclusion. Consider the following argument:

Cows have four legs. Giraffes have four legs.

Therefore giraffes are taller than cows.

In the example just given, it is clear that the information we have (“Cows have four legs. Giraffes have four legs.”) does not imply that “Giraffes are taller than cows,” which is nonetheless a true fact. The only conclusion we could legitimately reach is that giraffes and cows have the same number of legs.

In other cases the possible flaws in the reasoning process are more subtle. Consider the following argument:

If Joe wins the state lottery, he can afford a new car.

Joe did not win the state lottery.

Therefore Joe cannot afford a new car.

The hypotheses for this argument are:

If Joe wins the state lottery, he can afford a new car. Joe did not win the state lottery.

The conclusion reached is:

Joe cannot afford a new car.

This is an example of incorrect (nonvalid) reasoning. Indeed, Joe did not win the state lottery, so he might not be able to afford a new car (the conclusion is true). But, on the other hand, Joe might inherit some money (or he might be already wealthy) and he will be able to afford a new car (the conclusion is false, whereas the hypotheses are still true). Thus, the conclusion does not follow logically from the hypotheses, because the hypotheses do not state what Joe will do if he does not win the lottery. So, any conclusion we reach in this case is just speculative as it is not the only possible logical conclusion. This is why the reasoning process is not valid.

When we are working on the proof of a statement, we strive for a sound proof, that is, a proof that uses valid arguments, under true hypotheses. It is not unusual to be able to construct more than one sound proof for a true statement, especially when the chain of steps required is rather lengthy. Very often the construction of a sound proof takes considerable time and effort, and usually the first attempts produce little more than “scratch work.” Thus we must be ready to work on several drafts. While doing this, the elegance of the construction is not the most important issue. After the soundness of a proof is established, it is easier to keep working on it to make it flow well and to remove useless details.






Chapter 2

Basic Techniques to Prove If/Then Statements


What Does “If/Then” Mean?

Let’s start by looking at the details of a process that goes on almost automatically in our minds hundreds of times every day: deciding whether something is true or false. Suppose you make the following statement: “If I go home this weekend, I will take my parents out to dinner.” When is your statement true? When is it false? That is, when could you be accused of lying? The statement we are considering is a composite statement, and its two parts are the following simple statements:


A: I go home this weekend.

B: I will take my parents out to dinner.



As far as your trip is concerned, there are two possibilities:


i. You are going home this weekend (A is true).

ii. You are not going home this weekend (A is false).



Regarding the dinner, there are two possibilities as well.

i. You will take your parents out to dinner (B is true).

ii. You will not take your parents out to dinner (B is false).



Thus we can consider four possibilities:


1. A is true and B is true.

2. A is true and B is false.

3. A is false and B is true.

4. A is false and B is false.




Case 1. You do go home and you do take your parents out to dinner. Your statement is true.

Case 2. You go home for the weekend, but you do not take your parents out to dinner. You have been caught lying! Your statement is false.

Cases 3 and 4. You cannot be accused of lying if you did not go home, but you did take your parents out to dinner, since they came to visit you. If you did not go home, nobody can accuse you of lying if you did not take your parents out to dinner. It is very important to notice that you had not specified what you would do in case you were not going home (A is false). So whether you did take your parents out to dinner or not, you did not lie.



In conclusion, there is only one case in which your statement is false: when A is true and B is false. This is a general feature of statements of the form “If A, then B” or “A implies B.”
A statement of the form “If A, then B” is true if we can prove that it is impossible for A to be true and B to be false at the same time; that is, whenever A is true, B must be true as well.

[image: image]

This information can be represented using one of the so-called truth tables1 (T = true, F = false):
[image: image]

All arguments having this form, which is called modus ponens, are valid. The expression “modus ponens” comes from the Latin ponere, meaning “to affirm.”

The statement “If A, then B” can be reworded as “A is a sufficient condition for B” and as “B is a necessary condition for A.” The mathematical use of the words “sufficient” and “necessary” is very similar to their everyday use. A statement that is true and provides enough (sufficient) information to reach the conclusion is called a sufficient condition. If a statement is an inevitable (certain) consequence of a given statement, it is called a necessary condition. A condition can be sufficient, but not necessary, or necessary, but not sufficient.

As an example, consider the statement “if an animal is a cow, then it has four legs.” Having four legs is a necessary condition for an animal to be a cow, but it is not a sufficient condition for identifying a cow, as it is possible for an animal to have four legs and not be a cow. On the other hand, being a cow is a sufficient condition for knowing that the animal has four legs. Consult the James & James Mathematics Dictionary if you want to find out more about “sufficient” and “necessary” conditions. Other words used to introduce the hypothesis (similarly to “if” and “sufficient”) are “when,” “whenever,” and “it is enough that…” Words that can help identify the conclusion (in addition to “then” and “necessary”) are “only if” and “only when.” Since in a statement of the form “If A, then B” the hypothesis and the conclusion are clearly separated (part A, the hypothesis, contains all the information we are allowed to use; part B is the conclusion we want to reach, given the previous information), it is useful to try to write in this form any statement to be proved. The following steps can make the statement of a theorem simpler and therefore more manageable, without changing its meaning:


1. Identify the hypothesis (A) and conclusion (B), so that the statement can be written in the form “If A, then B” or “A implies B.”

2. Watch out for irrelevant details.

3. Rewrite the statement to be proved in a form you are comfortable with, even if it is not the most elegant.

4. Check all relevant properties (from what you are supposed to know) of the objects involved. If you get stuck while constructing the proof, double-check whether you have overlooked some explicit or implicit information you are supposed to know and be able to use in the given context. As mentioned in the “General Suggestions” section, the proof of a statement depends on the context in which the statement is presented.



The examples included in the next sections will illustrate how to use these suggestions, which at this point are somewhat vague, to construct some proofs.

Exercises

Given the following statements, write them in the form “If…, then…” Do not be concerned with their truth.

1. The function f is continuous only if it is differentiable.

2. Whenever the product of two integer numbers is odd, the two numbers are odd.

3. The fact that two numbers are prime implies that their greatest common divisor is 1.

4. It is sufficient for a function to be a polynomial in order for it to be continuous.

5. It is necessary for two numbers to be even for their sum to be even.

6. It is enough that a number is prime for it to be odd.

7. The sum of two numbers is even only if the numbers are both odd.

8. A number is even only if it is a multiple of 4.

9. A number is even if it is a multiple of 4.

10. For a number to be a multiple of 9 it is necessary for it to be a multiple of 3.




Direct Proof

A direct proof is based on the assumption that the hypothesis contains enough information to allow the construction of a series of logically connected steps leading directly to the conclusion.






Example 2.1

The sum of two odd numbers is an even number.

Discussion:

The statement is not in the standard form “If A, then B.” Therefore we have to identify the hypothesis and the conclusion. What explicit information do we have? We are dealing with any two odd numbers. What do we want to conclude? We want to prove that their sum is not an odd number. So we can set:


A: Consider any two odd numbers and add them. (Implicit hypothesis: As odd numbers are integer numbers, we can use the properties and operations of integer numbers.)

B: Their sum is an even number.



Thus, we can rewrite the original statement as: “If we consider two odd numbers and add them, then we obtain a number that is even.” This statement is much less elegant than the original one, but it is much more explicit since it separates clearly the hypothesis and the conclusion.

From experience we know that the sum of two odd numbers is an even number. But this is not sufficient (good enough) evidence (we could be overgeneralizing). We must prove this fact. We will start by introducing some symbols, so that it will be easier to refer to the numbers used.

Let a and b be two odd numbers. Thus (see “Facts and Properties of Numbers” at the front of the book) we can write
[image: image]
where t and s are integer numbers. Therefore,
[image: image]

The number t + s + 1 is an integer number, because t, s, and 1 are integers. This proves that the number a + b is indeed even. We reached the conclusion that was part of the original statement! We seem to be on the right track. Can we rewrite the proof in a precise and easy to follow way? Let us try!




Proof

Let a and b be two odd numbers (by hypothesis). As the numbers are odd, it is possible to write
[image: image]
where t and s are two integers. Therefore,
[image: image]

The number p = t + s + 1 is an integer because t, s, and 1 are integers. Thus
[image: image]
with p an integer. This implies that a + b is an even number. Because this is the conclusion in the original statement, the proof is complete.





Let us look back briefly at how this proof relates to the considerations presented at the beginning of this section. We have worked under the assumption that part A of the statement is true. We have shown that part B holds true, and we have done this using a general way of thinking, not by using specific examples (more about this later). Therefore, it is true that A implies B. Now let us consider some more statements to be proved.

Example 2.2

Let a, b, and c be three integers. If a is a divisor of b and c, then a is a divisor of b − c.

Discussion:

Let us separate the hypothesis and conclusion.

A: The number a is a divisor of b and c. This statement can be more explicitly written as b = ak and c = at with k and t integer numbers.

B: The number a is a divisor of b − c. This statement (to be proved) can be more explicitly written as b − c = an for some integer number n.



Implicit hypothesis: We need to know how to use the properties and operations of integer numbers. In addition, by the definition of “divisor,” we know that a ≠ 0. The statement “Let a, b, and c be three integers” is somewhat redundant, because the definition of divisor is only used when working with integer numbers. Usually statements of this kind are made to officially set up the mathematical background in which the work will be done.




Proof

By the hypothesis and by the definition of divisor, b = ak and c = at with k and t integer numbers. Since the conclusion is about the relationship between the numbers b − c and a, it would make sense to build a mathematical formula that uses these numbers. Using the hypothesis, we can write
[image: image]

By the distributive property of multiplication over addition, it is possible to factor the common factor a from the two terms on the left-hand side to have
[image: image]

The number k − t is an integer because it is the sum of two integers. Let n = k − t. Then
[image: image]

This equality proves that a is a divisor of b − c.






Example 2.3

If the x- and the y-intercepts of a line that does not pass through the point (0, 0) have rational coordinates, then the slope of the line is a rational number.

Discussion:

Let us separate the hypothesis and conclusion.

A: Consider a line in the Cartesian plane such that its x- and y-intercept have rational coordinates, and neither one of them is the point (0, 0).

B: The slope of the line described in the hypothesis is a rational number.



Implicit hypothesis: We need to know the structure of the Cartesian plane, how to find the x- and the y-intercepts of a line, how to find the slope of a line, and how to use the properties and operations of rational numbers. In general, if we know the coordinates of any two points on a line, we can use them to calculate the slope of the line. Indeed, if N(x1, y1) and M(x2, y2) are any two points on a line (including its x- and y-intercepts), the slope of the line is the number
[image: image]
if x1 ≠ x2, and it is undefined if x1 = x2. The hypothesis mentions two special points on the line, namely its x- and y-intercepts. So, they can be used to calculate the slope.




Proof

By hypothesis, if N is the x-intercept of the line, then N(p/q, 0), with p ≠ 0 (as N is not the point (0, 0)), and q ≠ 0 (because division by 0 is not defined), and with p and q integers. By hypothesis, if M is the y-intercept of the line, then M(0, r/s), with r ≠ 0 (as M is not the point (0, 0)), and s ≠ 0 (because division by 0 is not defined), and with r and s integers. Therefore, the slope of the line is the number
[image: image]
with sp ≠ 0 and rq ≠ 0, and sp and rq both integers. Thus m, the slope of the line, is a rational number.





If we again look at the structure of the proof in Example 2.3, we can see that the hypothesis offered enough information to use as a starting point for the work needed to reach the conclusion.

Example 2.4

A five-digit number is divisible by 3 when the sum of its digits is divisible by 3.

Discussion:

This statement can be rewritten as “If the sum of the digits of a five-digit number is divisible by 3, then the number is divisible by 3.”

A: Let n be an integer number with n = ±a4
a3
a2
a1
a0, 0 ≤ ai
 ≤ 9 for all i = 0, 1, 2, 3, 4, and a4 ≠ 0, such that a4 + a3 + a2 + a1 + a0 = 3t, where t is an integer number. (The fact that n is an integer number is an implicit hypothesis, since the concept of divisibility is defined only for integer numbers. The ± sign indicates that the number n can be either positive or negative.)

B: The number n is divisible by 3; that is, n = 3s with s an integer number.






Proof

As the hypothesis provides information about the digits of the number, we will separate the digits using powers of 10. For sake of simplicity, let us assume that n is positive. Thus,
[image: image]

Since the digit a0 is the only digit without a positive power of 10, we could consider replacing it by using the other digits. By hypothesis, a4 + a3 + a2 + a1 + a0 = 3t, where t is an integer number. Thus,
[image: image]

If we substitute this expression for a0 into the expression for n and perform some algebraic steps, we obtain
[image: image]
Therefore,
[image: image]
Since the number 3,333a4 + 333a3 + 33a2 + 3a1 + t is an integer (because all the numbers that generate it are integers), we proved that number n is divisible by 3.

If n is a negative number, just replicate all the steps above, starting with n = −a4
a3
a2
a1
a0.





Note: The number of digits used in Example 2.4 is irrelevant. This is a special case of the much more general statement, “A number is divisible by 3 when the sum of its digits is divisible by 3.”

We chose to use five digits because the proof of the more general statement, which at the beginning is very similar to the one above, can be easily completed using a technique that will be introduced later, namely “proof by induction.” Let’s look at the set up of the general proof.

Let n be an integer number with n = aka
k−1 … a2
a1
a0, 0 ≤ ai
 ≤ 9 for all i = 0, 1, 2, …, k and ak
 ≠ 0, such that ak
 + a
k−1 + …. + a2 + a1 + a0 = 3t, where t is an integer number. Then, following the same steps performed in the proof in Example 2.6, we can write
[image: image]

At this point, to be able to show that n is divisible by 3, we need to prove that 10s − 1 is divisible by 3 for all s ≥ 1. This is the step that can require proof by induction (see Exercise 31 at the end of the section on mathematical induction), unless one is familiar with modular arithmetic. As one’s mathematical background increases, one has more tools to use, and therefore becomes able to construct the proof of a statement using several different approaches.

Example 2.5

The sum of the first n counting numbers is equal to [n(n + 1)]/2.

Discussion:

We can rewrite this statement in the more explicit (and less elegant) form “If n is an arbitrary counting number and one considers the sum of the first n counting numbers (i.e., all the numbers from 1 to n, including 1 and n), then their sum can be calculated using the formula [n(n + 1)]/2.”

Let us start by separating the hypothesis and the conclusion:


A: Consider the sum of the first n counting numbers (i.e., 1 + 2 + 3 + … + n). (Implicit hypothesis: We are familiar with the properties and operations of counting numbers.)

B: The sum above can be calculated using the formula [n(n + 1)]/2, that is,
[image: image]



Before working on a proof, we might want to check that this equality works for some values of n. But we need to keep in mind that these will be examples, and will not provide a proof. They will just provide a better understanding of how the formula works.

When n = 6, we add the first six counting numbers and we have
[image: image]

If we use the formula given above, we obtain [image: image]

When n = 7, we add the first seven counting numbers and we have
[image: image]

If we use the formula given above, we obtain [image: image]

In these two cases the two answers coincide, but this might be true just by chance. To construct a proof, we need to find a mathematical relationship between the sum of counting numbers and the formula given in the conclusion.




Proof

The hypothesis does not give a clear idea of what to use as a starting point. Our goal is to find a formula to add the first n counting numbers efficiently and without performing all the additions. We can try different ways to group the n numbers. Because of the associative and commutative laws of addition, the result will not change. (For example, in the sum of the first six numbers, we could try grouping them in different ways, and after a few tries, with a little luck, we might be able to see that 1 + 6 = 7, 2 + 5 = 7, and 3 + 4 = 7. So it seems that the sums of the numbers at the same distance from the two ends, 1 and 6, are constant. Let’s see if we can us this fact to construct a proof.)

Let Sn
 = 1 + 2 + 3 + … (n − 2) + (n − 1) + n. The sum of the first and last numbers is n + 1. The sum of the second number and the next to the last number is 2 + (n − 1) = n + 1. The sum of the third number and the second to the last number is 3 + (n − 2) = n + 1. So, the sum of numbers at the same distances from 1 and n is always 1 + n. How many of these pairs can we form with n numbers?

If n is even we have n/2 pairs (for example, in the case of n = 6, we have 3 pairs.). Thus, the total is
[image: image]

If n is an odd number, there will be a number not used (the number in the middle) and (n − 1)/2 pairs whose sum is (n + 1). The number in the middle is the average of the first and last number, that is, (n + 1)/2. Thus
[image: image]

Therefore we have
[image: image]

Thus, in any case [image: image]





Here is another proof, that uses the same idea we just explored, but is organized in a more elegant, less naïve way.

Proof

Let Sn
 denote the sum of the first n counting numbers, that is,
[image: image]

Because addition is a commutative operation, we can try rearranging the numbers to write
[image: image]

Compare these two ways of writing Sn
,
[image: image]

If we add these two equations, we obtain
[image: image]
or
[image: image]
or
[image: image]

From this last equation, we obtain
[image: image]

Therefore it is true that [image: image]



The second proof shown in Example 2.5 is known as Gauss’ proof, and it hinges on the smart idea of using the commutative property of addition. One might wonder how to think of such a breakthrough step, which does not seem to follow naturally from any previous information. One way is to build a “mathematical toolbox” of ideas, by reading proofs already completed by more experienced mathematicians. Another way is to try to think how to work out of mathematical situations by using basic ideas. For example, after writing
[image: image]
there is not much more to be done. Thus, one can start trying to use the basic properties of addition, such as the associative property (to regroup the numbers somehow), the commutative property, and so on. As usual, practice will help. The section on mathematical induction includes a different proof of the result presented in Example 2.5.

Example 2.6

If a and b are two positive integers, with a > b, then we can find two integers q and r such that
[image: image]
with 0 ≤ r < b and 0 ≤ q.

Since the statement to be proved is already written in the form “If A, then B,” with the hypothesis and conclusion already separated, we will proceed with the proof.

Proof

There are two possibilities: either a is a multiple of b, or a is not a multiple of b. We will consider them separately.

Case 1. If a is a multiple of b, then the statement is proved since a = qb, and r = 0.

Case 2. We will assume that a is not a multiple of b. This means that if we consider all the multiples of b, none of them will be equal to a. The multiples of b are numbers of the form
[image: image]

This collection is infinitely large, and the values of the numbers get larger and larger. They divide the number line in separate consecutive intervals of size b. As a is a finite number, and these intervals cover the whole positive number line, then a will be in one of the intervals determined by these multiples of b.



[image: image]

Thus,
[image: image]
for some positive integer q. To show that this number satisfies the conclusion to be reached, we need to show that we can find the other number r. If we subtract qb from these inequalities, we obtain
[image: image] (*)

If we now set r = a − qb, we can show that this number satisfies the conditions listed in the conclusion. By the previous inequalities (*), 0 < r < b. By its definition, a = qb + r. Since the two cases presented cover all the possibilities, we proved that the statement is true.





The statement in Example 2.6 is part of the theorem known as the division algorithm. The beginning of the proof uses an idea that, while clever, might not look intuitive. But, on the other hand, it does not use advanced mathematical concepts. It is an example of how the combination of basic ideas can yield more advanced results.

Later on we will prove that the numbers q and r we just found are the only ones satisfying the required properties (see the exercises at the end of the section on uniqueness theorems). To be precise, Example 2.6 could have been included in the section on existence theorems, because it states that there exist two numbers having certain properties. Moreover, its proof is constructed by considering two separate cases. Thus, one could argue for its inclusion in the section on multiple hypotheses!

Exercises

Rewrite the following statements in the form “If/then.” Then prove them.

11. The average of two consecutive odd integers is always even.

12. Let n be a number that is not a multiple of 3. Then its square can be written as 3s + 1 with s an integer.

13. Let n be a three-digit number, whose unit digit is at most 4, whose hundreds digit is between 1 and 5, and whose tens digit is the sum of the other two digits. Then n is divisible be 11.

14. The number n is odd only if n3 is odd.

15. It is necessary that n2 + 3n + 5 is odd for n to be odd.








The Negation of a Statement: AND/OR

If we are having a conversation and somebody makes a statement whose meaning escapes us, we might ask “What do you mean?” Our hope is that the wording of the statement will be changed so that we can grasp its meaning, without changing the meaning itself. This situation happens when we are working with mathematical statements as well. How do we change a mathematical statement into one that is easier for us to handle, but has the same mathematical meaning?

Two statements are logically equivalent when they have the same truth table. So, we can change a mathematical statement into one easier to work with, which is true or false exactly when the original statement is true or false.

Given the statement A, we can construct the statement “not A,” which is false when A is true and true when A is false; “not A” is the negation of A.
[image: image]
Clearly, these two statements are related, but they are not logically equivalent. But we will see that there are a lot of instances in which being able to construct correctly the negative of a given statement is a very useful tool. This is not just a “grammar” exercise, because of the precise nature of mathematical statements. The construction of the statement “not A” can be a tricky step. Sometimes it is enough to insert the word “not” into statement A to achieve our goal. For example, the statements “x + y is irrational” and “the collection is infinite” are changed into the statements “x + y is not irrational” and “the collection is not infinite.”

Other cases are not so easy to handle, especially when A includes words such as unique, for one, for all, every, none. These expressions are usually called quantifiers. Let us see how we can work with some of these expressions.


	ORIGINAL STATEMENT
	NEGATION



	At least one object in a collection has a given property.
	None of the objects in a collection has a given property.

	Some of the objects in a collection have a certain property.
	None of the objects in a collection has a given property.

	All objects in a collection have a certain property.
	There is at least one object in the collection that does not have that property.

	Every object in a collection has a certain property.
	There is at least one object in the collection that does not have that property.

	None of the objects in a collection has a given property.
	There is at least one object in a collection that has a given property.




Quantifiers are not the only possible source of problems when constructing the negation of a statement. The logical connectives “or” and “and” have to be handled carefully as well.
The composite statement “C or D” is true when either one of the statements C or D is true.

The composite statement “C and D” is true when both statements C and D are true.

The definitions given above are represented by the following tables:
[image: image]

The statement “C
or
D” is also true when both statements are true, but this is not required. Unless otherwise indicated, the “or” used in mathematics is inclusive; that is, it includes the possibility that both parts of the statement are true. This use of “or” is different from its everyday use, when “or” suggests making exactly one choice given two (or more) possible cases (as in the case of a waiter asking “Would you like to have coffee or tea?” and expecting only one choice). Therefore, for the statement “C
or
D” to become false both C and D must be false. Thus the negation of “C
or
D” (i.e., the statement “not ‘C
or
D’”) is the statement “‘not C’ and ‘not D.’” The truth tables can reinforce and clarify what has just been stated in words.

Truth table for the negation of the statement “C or D,” that is, “not ‘C or D’”:
[image: image]
Truth table for the statement “‘not C’ and ‘not D’”:
[image: image]
By comparing these two tables, we can conclude that the statements “not ‘C
or
D’” and “‘not C’ and ‘not D’” are indeed logically equivalent, since they have the same truth values under the same conditions.

The statement “C
and
D” is true only when both its parts are true. Therefore, for it to become false it is sufficient that either C or D is false. Thus the negation of “C
and
D” (i.e., the statement “not ‘C
and
D’”) is the statement “‘not C’ or ‘not D.’” The constructions of the truth tables for the statements “not ‘C
and
D’” and “‘not C’ or ‘not D’” is left as an exercise. These results are usually remembered by saying that “not” changes “or” into “and” and vice versa. Just as a note, the logical connectives “but” and “however” are just other ways to express “and.” For example, when we state “I like that book, but it is too expensive” we mean “I like that book and it is too expensive.” Let’s negate some statements, to apply the material just seen. It is important to realize that often there is more than one way to construct the negative of a statement.

Example 2.7

a. All natural numbers are positive.

Negation: There exists at least one natural number that is not positive.

b. There are some multiples of 4 which are divisible by 3.

Negation 1: No multiples of 4 are divisible by 3.

Negation 2: If a number is a multiple of 4, then it is not divisible by 3.

c. The function f is continuous and differentiable. (It is possible to rewrite this statement as “The function f is continuous and the function f is differentiable.”) Negation: Either the function f is not continuous or it is not differentiable.

d. For every number M there exists a number x such that f(x) > M.

Negation 1: There exists a number M for which there exists no number x such that f(x) > M.

Negation 2: There exists a number M such that f(x) ≤ M for all x.

e. There exists a number M for which there exists a number x such that f(x) > M.

Negation 1: There does not exist a number M for which there exists a number x such that f(x) > M.

Negation 2: For all numbers M there does not exist a number x such that f(x) > M.

Negation 3: All numbers M have the property that f(x) ≤ M for all x.

f. Every positive number is either prime or composite.

Negation: There exists a positive number that is not prime and not composite.






Exercises

Given the following statements, negate them.

16. The function f is defined for all real numbers.

17. Let x and y be two numbers. There is a rational number z such that x + z = y.

18. The function f has the property that for any two distinct real numbers x and y, f(x) ≠ f(y).

19. The equation P(x) = 0 has one and only one solution.

20. All nonzero real numbers have nonzero opposites.

21. For every number n > 0 there is a corresponding number Mn
 > 0 such that f(x) > n for all real numbers x with x > Mn
. (To understand this statement better, you might want to use a graph in the Cartesian plane.)

22. Every number satisfying the equation P(x) = Q(x) is such that |x| < 5.

23. The equation P(x) = 0 has several solutions (check Exercise 19).

24. The function f is continuous at the point c if for every ε > 0 there is a δ > 0 such that if |x − c| < δ then |f(x) − f(c)| < ε.

25. For every real number x the number f(x) is rational.



Using the techniques seen in this section, prove the following statements:


26. Let f and g be two nondecreasing functions such that f [image: image] g is well defined. Then f [image: image] g is nondecreasing (see “Some Facts and Properties of Functions” at the front of the book for the definition of nondecreasing).

27. Let n be a number with three or more digits. If the two-digit number made by n’s two rightmost digits (the unit and the tens) is divisible by 4, then n is divisible by 4.

28. If (a + b)2 = a2 + b2 for all real numbers b, then a must be zero.

29. Every four-digit palindrome number is divisible by 11 (a palindrome number reads the same forward or backwards).

30. Let f be a nondecreasing function defined for all real numbers. Then, for all x ≠ c

[image: image]
(See “Some Facts and Properties of Functions” at the front of the book for the definition of nondecreasing.)

31. The function f(x) = mx + b, with m ≠ 0, is a one-to-one function (see “Some Facts and Properties of Functions” at the front of the book for the definition of one-to-one function).



Read the following proofs and make sure you understand them. Then outline the proofs, listing explicitly all the most important steps. Fill in details that might have been skipped (e.g., write the statement in the form “If A, then B,” indicate which technique has been used, and fill in the logic details and algebraic steps).

32. Euclid’s algorithm for finding the greatest common divisor of two numbers. Let a and b be two positive integers with a > b. Divide a by b and write
[image: image]
with q1 ≥ 0 and 0 ≤ r1 < b.
Then, divide b by r1, obtaining
[image: image]
with q2 ≥ 0 and 0 ≤ r2 < r1.
Continuing, we can divide r1 by r2 and obtain
[image: image]
with q3 ≥ 0 and 0 ≤ r3 < r2. Continue this process as long as rk
 ≠ 0. Then the greatest common divisor of a and b, denoted as (a, b) or GCD (a, b) is the last nonzero remainder. (See “Some Facts and Properties of Numbers” at the front of the book for the definition of the greatest common divisor of two numbers.)


Proof

If we use the process described in the statement, we obtain
[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

[image: image]

The process will take at most b steps because b > r1 > r2 > …. ≥ 0. The last of the equalities written above implies that rn
 = GCD(r
n−1, rn
) (explain why).

Since
[image: image]
with t1 > 0, it follows that rn
 divides r
n−2 and r
n−1. So, rn
 is a common divisor of r
n−2 and r
n−1. If d is another positive integer divisor of r
n−2 and r
n−1, then d will divide rn
 (check this claim). Therefore rn
 = GCD(r
n−1, r
n−2).

Similarly, working backward through all the equalities of the algorithm, we obtain that rn
 = GCD(r
n−2, r
n−3), …, rn
 = GCD(a, b).



33. If d = GCD(a, b), then d = sa + tb for some integers s and t.


Proof

Using the steps of the Euclidean algorithm described in Exercise 32, we obtain
[image: image]

[image: image]

[image: image]

Proceeding in this way, in at most b steps we will be able to write
[image: image]

The statement is therefore proved.



34. Let p be a prime number. If p divides the product ab, then p divides either a or b.


Proof

If p does not divide a, then GCD(a, p) = 1 (explain why). Therefore
[image: image]
for some integers s and p (see Exercise 33).

Thus
[image: image]

This implies that p divides b (explain why).










Proof by Contrapositive

In some cases we cannot use the kind of direct, straightforward arguments we have already seen; that is, we cannot deduce conclusion B directly from hypothesis A. This might happen because assuming that A is true does not seem to give us enough information to allow us to prove that B must also be true. In other cases, direct verification of the conclusion B would be too time consuming or impossible (e.g., when there might be infinitely many cases “to check.”). Therefore we must find another starting point.

This goes beyond just trying to reword the statement to separate hypothesis and conclusion. As already mentioned, in everyday conversations, when we are unclear about the meaning of someone’s statement, we ask the person to rephrase it. While we want the meaning of the statement to be unchanged, we like to have it worded in the way that best fits our way of thinking. So, how can we change the statement “If A, then B” into a logically equivalent statement that is more user friendly?

There are three statements of the same form related to “If A, then B,” and they are defined as follows:


1. The converse of the statement “If A, then B” is the statement “If B, then A.” (To obtain the converse, reverse the roles of the hypothesis and the conclusion.)

2. The inverse of the statement “If A, then B” is the statement “If ‘not A,’ then ‘not B.’” (To obtain the inverse, negate the hypothesis and the conclusion.)

3. The contrapositive of the statement “If A, then B” is the statement “If ‘not B,’ then ‘not A.’” (To obtain the contrapositive, construct the converse, and then consider the inverse of the converse. This means reverse the roles of the hypothesis and the conclusion and negate them.)



Let us consider some examples to clarify these definitions.

Example 2.8

Let the original statement be

“If x is a rational number, then x2
is a rational number.”

Its converse is the statement “If x2 is a rational number, then x is a rational number.” Its inverse is the statement “If x is not a rational number, then x2 is not a rational number.” Its contrapositive is the statement “If x2 is not a rational number, then x is not a rational number.” These statements cannot be all logically equivalent because the original statement and its contrapositive are true (prove that this claim is indeed correct), while the converse and the inverse are false (why?).




Example 2.9

Consider the following statement:

“Let a and b be two integers.

If ab is an even number, then either a or b is an even number.”

Its converse is the statement

“Let a and b be two integers.

If either a or b is an even number, then ab is an even number.”

Its inverse is the statement

“Let a and b be two integers.

If ab is not an even number, then a is not an even number and b is not an even number.”

(i.e., If ab is an odd number, then a is an odd number and b is an odd number.)

Its contrapositive is the statement

“Let a and b be two integers.

If a is not an even number and b is not an even number, then ab is not an even number.” (i.e., If a is an odd number and b is an odd number, then ab is an odd number.)

Note that the sentence “Let a and b be two integers” is never changed. This is because it is used to establish the mathematical setting in which the statement is to be considered, and this setting does not change. In Example 2.9 it is hard to decide whether the statements above are all logically equivalent because they are all true (prove that this claim is indeed correct).



To avoid guessing if and when these four statements are logically equivalent, we will construct their truth tables. Since we want to compare the four tables, the columns for statements A and B must always be the same. We want to know when, under the same conditions for A and B, we get the same conclusions regarding the truth of the final composite statements.

Truth table for the statement “If A, then B”:
[image: image]
Truth table for the converse statement “If B, then A”:
[image: image]
Truth table for the inverse statement “If ‘not A,’ then ‘not B’”:
[image: image]
Truth table for the contrapositive statement “If ‘not B,’ then ‘not A’”:
[image: image]

We can conclude from the preceding tables that the original statement is only equivalent to its contrapositive. The converse and the inverse are logically equivalent to each other, but not to the original statement.

Using the fact that a statement is logically equivalent to its contrapositive, when we have a hard time proving a statement, we can try to work with its contrapositive. Doing so gives us a different starting point because we will start by assuming that B is false, and we will prove that this implies that A is false, because the contrapositive of the original statement is “If ‘not B,’ then ‘not A.’” Let us consider some examples that illustrate the use of this technique.

Example 2.10

Let n be an integer number. If the number 7n + 4 is even, then n is even.

Discussion:

In this case the hypothesis and the conclusion are already clearly distinguishable. Therefore, we can set:


A: The number 7n + 4 is even. (Implicit hypothesis: We can use the properties of integer numbers and their operations.)

B: The number n is even.



By hypothesis 7n + 4 = 2k for some integer number k (see “Facts and Properties of Numbers” at the front of the book). If we try to solve for n explicitly, we will need to divide by 7, and it is not evident that the result of the division will be an integer and will give information on the parity of n. Therefore, we will try to prove the original statement by using its contrapositive. Let n be an integer number. If n is not even, then the number 7n + 4 is not even.




Proof

Assume that B is false, and that “not B” is true, and use this as the new hypothesis. Therefore, we will start by assuming that “n is not even.” This means that “n is odd.” Thus,
[image: image]
for some integer number t. Using this information to calculate the number 7n + 4 yields
[image: image]

The number s = 7t + 5 is integer because 7, t, and 5 are integers. Therefore, we can write
[image: image]
and conclude that 7n + 4 is an odd number (“not A”). This means that the statement “If ‘not B,’ then ‘not A’” is true. Therefore, its contrapositive, that is, the original statement, is also true.






Example 2.11

Let m and n be two integers. If they are consecutive, then their sum, m + n, is an odd number.

Discussion:

In this case we can set:


A: The numbers m and n are consecutive (i.e., if m is the larger of the two, then m − n = 1). (Implicit hypothesis: We can use the properties of integer numbers and their operations.)

B: The sum m + n is an odd number.



This statement can be proved either directly (this proof is left as an exercise) or by using its contrapositive.




Proof

Assume that B is false, and that “not B” is true, and use this as the new hypothesis. Therefore, we will start by assuming that the number m + n is not odd. Then m + n is even and there exists some integer number k such that m + n = 2k. This implies that m = 2k − n, and thus,
[image: image]

As the number k − n is an integer, we have proved that the difference between m and n is an even number. Therefore, it cannot equal 1, and m and n are not consecutive numbers.

This means that the statement “If ‘not B,’ then ‘not A’” is true. Therefore, its contrapositive, that is, the original statement, is also true.





Again, the method of using the contrapositive of a statement should be used when the assumption that A is true does not give a good starting point, but the assumption that B is false does. Sometimes the statement whose truth we are trying to establish gives us a hint that it might be easier to work with its contrapositive. This method is helpful if B already contains a “not,” because if we negate B we get an affirmative statement.

Exercises

Given the following statements, construct their (a) contrapositive, (b) converse, and (c) inverses.

35. If x is an integer divisible by 6, then x is divisible by 2.

36. If a quadrilateral is not a parallelogram, then its diagonals do not bisect.

37. If the two polynomials
[image: image]
are equal for all real numbers, then ai
 = bi
 for all i, with 0 ≤ i ≤ n.

38. If two integer numbers are odd, their product is odd.

39. If the product of two integer numbers is even, then at least one of the numbers is even.



Prove the following statements by proving their contrapositives.

40. The function f(x) = mx + b, with m ≠ 0, is a one-to-one function. (See “Facts and Properties of Functions” at the front of the book for the definition of one-to-one function.)

41. Let n be a counting number. If the number 2n − 1 is a prime number, then n is prime.

42. Let a and b be two integers. If ab is an even number, then either a or b is an even number.

43. If m is a positive number, the function f(x) = mx + b is increasing. (See “Facts and Properties of Functions” at the front of the book for the definition of one-to-one function.)

44. If a number is divisible by 10, its unit digit is 0.

45. If n2 is even, then n is even.








Proof by Contradiction

Sometimes even using the contrapositive of a statement does not offer enough information to start constructing the proof of the statement “If A, then B.” Thus, it is useful to know about another statement that is equivalent to it, but that, unlike the contrapositive, uses logic connectives other than “If…, then…” When we think about the truth table of an “If A, then B” statement, we can observe that this statement is true three times out of four. This is also a feature of the logical connective “or.” So it is conceivable to suspect a logical relation between the two. We can compare “If A, then B” with “A or B,” “(not A) or (not B),” “(not A) or B,” “A or (not B).”

We can indeed prove that “If A, then B” is logically equivalent to “(not A) or B.” Consider the following truth table:
[image: image]
The third and fifth columns of the table are identical, so we can conclude that the two corresponding statements are logically equivalent.

Consider the statement “If a number is divisible by 10, then its unit digit is 0.” It is equivalent to the statement “A number is not divisible by 10 and its unit digit is 0.” Consider the statement “If ab is an even number, then either a or b is an even number.” It is equivalent to the statement “The number ab is an odd number, and either a or b is an even number.” How is this knowledge going to give us another tool for our mathematical toolbox? We need to put together a couple of ideas:


1. To prove that a statement is true, we can prove that its negative is false.

2. Given the statement “If A, then B,” we can use its logical equivalent form “(not A) or B.”



By combining these two ideas, we have a new tool! To prove that “If A, then B” is true we can prove that its negative, namely “not{(not A) or B},” is false. Note also that “not{(not A) or B}” can also be rewritten as “(not(not A)) and (not B),” or better yet as “A and (not B).” This method is known as the “proof by contradiction method.”
Proof by contradiction method. Proving that the statement “If A, then B” is true is logically equivalent to proving that its negative, written in the form “A and (not B)” is false. To do so, assume that “A and (not B)” is true, and see how this assumption generates a contradiction to some fact that is true in the given mathematical system.

Let’s use this technique to work on a statement.

Example 2.12

Let a and b be two integers. If ab is an even number, then either a or b is an even number.

Discussion:

In this case we can set:


A: The number ab is even. (Implicit hypothesis: We can use the properties of integer numbers and their operations.)

B: Either a or b is an even number.



To prove that this statement is true using the “proof by contradiction” method we need to prove that the statement “The number ab is an odd number, and either a or b is an even number” is false.




Proof

We will start by assuming that “The number ab is an odd number, and either a or b is an even number.” Since the statement “either a or b is an even number” is true, we can assume that at least one of the numbers is even. For example, without loss of generality, we can assume that a is even. All the assumptions just made can be written using equalities. Therefore,
[image: image]
and
[image: image]

Substituting 2t for a in the product ab yields
[image: image]
or
[image: image]

This equality is equivalent to
[image: image]
or
[image: image]

Since the number tb − k is a combination of integers, and thus it is an integer, this is a false statement. We have reached a contradiction. Therefore the statement “The number ab is an odd number, and either a or b is an even number” is false. This proves that its negation, logically equivalent to the original statement, is true.






Example 2.13

The graphs of the functions [image: image] and [image: image] have no points in common.

Discussion:

If we try to separate hypothesis and conclusions, we obtain:


A: Consider the graphs of the functions defined above. (Implicit hypothesis: We are familiar with the concepts of functions, graphs, and intersection points, and the properties and operations of real numbers.)

B: The graphs of the two functions do not have any point in common.



We could construct the graphs of both functions. The graph of f is a line, so it is easy to obtain. The graph of g is more complicated. This function is not defined at x = −2 and at x = 1. Thus its graph has three parts, one for x < −2, one for x in the interval (−2, 1), and one for x > 1. Moreover, some mathematicians object to the use of graphs as proofs, arguing that it is possible for the graphs of the functions not to have points in common in the finite part we graphed, but to have points in common in the parts we do not graph. So, they expect a proof that supports what we can observe by graphing. Therefore it might just be easier to prove the truth of the contrapositive of the original statement.

It is easy to construct the negative of the statement “The graphs of the two functions do not have any point in common,” because the statement is already negative. Its negative is “The graphs of the two functions have at least one point in common.”




Proof

We start by assuming that given the existing mathematical system (A), the graphs of the two functions have at least a point in common (not B). This means that the equation
[image: image]
has at least one real solution.

As the function f is defined for all real numbers while g is not defined for x = −2 and x = 1, we can assume x ≠ −2 and x ≠ 1 in the equation
[image: image]

If we factor the denominator in the right-hand side, we obtain
[image: image]

We can divide by x − 1 because x ≠ 1, so x − 1 ≠ 0, and the equation becomes
[image: image]

We can multiply the equation by x + 2 because x ≠ −2, so x + 2 ≠ 0 to obtain
[image: image]

By our assumption, this equation has at least one real solution, contradicting the fact that a quadratic equation with a negative discriminant (Δ = 1 − 4(6)(2) = −47) has no real solutions (implicit hypothesis). Therefore the statement is false, and the two graphs have no points in common.






Example 2.14

Every positive number smaller than 1 is larger than its square.

Discussion:

A: Consider the collection of all positive real numbers smaller than 1. (Implicit hypothesis: We are familiar with all properties and operations of real numbers.)

B: Every number in the collection described in A is larger than its square.



We will prove this statement in two ways and compare the proofs.

1. Direct proof:
Let x be a positive number smaller than 1; that is, x < 1. We can multiply both sides of this inequality by x (and since x is positive, the inequality is preserved) and obtain
[image: image]
Therefore, x is larger than its square.

2. Proof by contrapositive:
We need to construct the statement “not B”: there is at least one positive real number smaller than 1 that is smaller than its square.
Thus, we can start from the assumption that there exists a positive number x < 1 such that
[image: image]

We can rewrite the previous inequality as
[image: image]

The expression on the left-hand side of the inequality can be factored, and the inequality becomes
[image: image]

The product of two real numbers is negative if and only if the numbers have opposite sign. Since by hypothesis x > 0, we must conclude that
[image: image]
that is,
[image: image]

This is clearly a contradiction. Since the negative of the original statement is false, the original statement is true.







In Example 2.14, the direct proof is shorter and simpler, but sometimes it is nice to know that there is another way to achieve a goal.

Example 2.15

There are infinitely many prime numbers.

Discussion:

We need to analyze the statement to find the hypothesis and the conclusion because they are not clearly distinguishable. The point is that we want to consider the collection of all prime numbers and show that it is infinite. Therefore we can set:


A: Consider the collection of all prime numbers, call it P. (Implicit hypothesis: We can use the properties of prime numbers and the operations and properties of counting numbers, since prime numbers are counting numbers.)

B: The collection P is infinite.



To prove this statement directly, we have to show that we “never run out of prime numbers.” Direct proof is not a feasible method, because if the conclusion is true, it would take an infinite amount of time to list all prime numbers. Even if the statement is false, there could be billions of very large prime numbers, and listing them would take a long time. Moreover it is not always easy to decide if a large number is prime, even with the help of a computer.




Proof

We will assume that in our mathematical system the collection P of prime number is indeed finite. Then we can have a complete list of prime numbers:
[image: image]

Using the trichotomy property of numbers, we can list the prime numbers in increasing order. So
[image: image]
Thus pn
 is the largest existing prime number.

Let’s have a little more discussion at this point, because we could ask the question “Where do we go now?” We could try to construct a prime number that is not in the list using the ones in the list (if we think that there are infinitely many prime numbers). How do we reach this goal? We can try to use operations with counting numbers. Division is not an easy one to use, because the quotient of two integers might be a noninteger number. If we consider the sum of all the prime numbers listed above, we do not have a lot of information. We do not know how many integers we are using, so we do not even know if the sum is an even or odd number. We can consider the product of all these primes. We have a little more information about this product. It is not a prime number, because it is divisible by all the prime numbers. We know that it is even since 2 is one of the prime numbers in the list. All prime numbers larger than 2 are odd numbers. So, what can we do? We can always add (or subtract) 1 to an even number to construct an odd number, that is, its consecutive.

Consider the number q = p1
p2
p3
p4 … pn + 1. What properties does it have?

The number q is odd and it is larger than all the prime numbers listed, so it is not one of the numbers listed. Moreover q is not divisible by any of the prime numbers since the quotient
[image: image]
is not an integer.

This implies that q is a prime number because it is not divisible by any prime number, and it is not in our list of prime numbers. But we had assumed that we had a complete list of prime numbers. This is a contradiction. Therefore, the collection P of all prime numbers is infinite.





See Exercise 57 for another proof of the statement in Example 2.15.

Example 2.16

The number [image: image] is irrational.

This is one of those statements that have only implicit hypotheses. Since the statement is about irrational numbers, we need to work with real numbers. Therefore,


A: All the properties of real numbers and their operations hold true.

B: The number [image: image] is irrational.



Theoretically there are a couple of ways to check this statement directly. The first would be to show that the decimal part of [image: image] is infinite and it has no repeating pattern. But this can take a long time. The other is to check that there is no fraction (we could limit ourselves to fractions between 1 and 1.5) whose square is exactly equal to 2. Thus we can try to use the proof by contradiction method, using

A: All the properties of real numbers and their operations hold true.

Not B: The number [image: image] is rational.




Proof

Let us assume that [image: image] is a rational number, that is
[image: image]
with n ≠ 0 (since [image: image] ≠ 0), q ≠ 0 (because division by 0 is not defined), n and q integers, with the fraction written in reduced form (see “Some Facts and Properties of Numbers” at the front of the book). So n and q have no common factors. Since this equality is our only starting point, we can try to perform some algebra steps, to see what will happen. (Sometimes the logic steps in a proof are guided by curiosity, or lack of alternatives.) Therefore,
[image: image]
Thus
[image: image]

Since n2 is a multiple of 2, it is even. Then n must be also even (see Exercise 45 in this chapter). Therefore we can write n = 2k for some positive integer k. This implies
[image: image]
or
[image: image]

This can be simplified as
[image: image]

Because q2 is a multiple of 2, and therefore even, it follows that q is also even (see Exercise 45 again). Therefore we can write q = 2m for some positive integer m.

This contradicts the fact that the fraction n and q have no common factors, since they are both even. Thus the statement is false, and it proves that [image: image] is an irrational number.





As already mentioned and as can be seen from the examples, one has to use caution identifying a hypothesis and conclusion to construct and use the contrapositive of a statement or to work with the negative of a statement. “Proof by contrapositive” and “proof by contradiction” are somewhat similar, since both of them use the statement “not B.” But when using the contrapositive of the original statement one uses “not B” as the only hypothesis and tries to prove that “not A” is also true. So, one has a clear target.

When using “proof by contradiction,” one uses both A and “not B” as a starting point and tries to prove that this causes some contradiction. So, one positive side of the “proof by contradiction” is the amount of information in the starting point. One drawback is that one does not exactly know what kind of contradiction to expect.

Just to compare how the proofs would start with the two different methods, consider the following statement:

Let x, y, and z be counting numbers. If xy is not a multiple of z, then x is not a multiple of z and y is not a multiple of z.

When we construct its contrapositive, we have the statement

Let x, y, and z be counting numbers. If either x is a multiple of z or y is a multiple of z, then xy is a multiple of z.

Thus the proof starts with the hypothesis “either x is a multiple of z or y is a multiple of z.”

When we use “proof by contradiction,” the starting point is

“The number xy is not a multiple of z and (either x is a multiple of z or y is a multiple of z).”


Exercises

Rewrite the following statements in the form “A and (not B)” where A represents the hypothesis and B represents the conclusion.

46. Let x, y, and z be counting numbers. If xy is not a multiple of z, then x is not a multiple of z and y is not a multiple of z.

47. If x is a rational nonzero number and y is an irrational number, then the number xy is irrational.

48. Let a and b be two positive numbers. Their harmonic mean is the number [image: image] The arithmetic mean, also known as the average, is the number [image: image] If a ≠ b, their harmonic mean is smaller than the arithmetic mean.

49. Let n be an integer. If n2 is odd, then n is odd.

50. Let a and b be two integers. If a + b ≥ 22, then either a ≥ 11 or b ≥ 11.



Prove the following statements by contradiction.

51. Let x, y, and z be counting numbers. If xy is not a multiple of z, then x is not a multiple of z and y is not a multiple of z.

52. If x is a rational nonzero number and y is an irrational number, then the number xy is irrational.

53. Let a and b be two positive numbers. Their harmonic mean is the number [image: image] The arithmetic mean, also known as the average, is the number [image: image] If a ≠ b, their harmonic mean is smaller than the arithmetic mean.

54. Let n be an integer. If n2 is odd, then n is odd.

55. Let a and b be two integers. If a + b ≥ 22, then either a ≥ 11 or b ≥ 11.



Read the following proofs and make sure you understand them. Then outline the proofs, listing explicitly all the most important steps. Fill in details that might have been skipped (e.g., write the statement in the form “If A, then B,” indicate which technique has been used, and fill in the logic details and algebraic steps).

56. Let p be a prime number. Then [image: image] is an irrational number.


Proof

Let us assume that [image: image] is a rational number, that is,
[image: image]
with n ≠ 0, q ≠ 0 (why?), n and q integers, and the fraction written in reduced form (why?). Therefore,
[image: image]
Thus,
[image: image]

Since n2 is a multiple of p, which is a prime number, then n must be a multiple of p (why?). Therefore we can write n = pk for some positive integer k. This implies
[image: image]
or
[image: image]

Because q2 is a multiple of p, which is a prime number, then q must be a multiple of p (why?). Therefore we can write q = pm for some positive integer m. Therefore,
[image: image]

This is a contradiction (why?), and it proves that [image: image] is an irrational number.



57. There are infinitely many prime numbers.


Proof

We will assume that the in our mathematical system the collection P of prime number is indeed finite (what kind of proof technique is used?). Then we can have a complete list of prime numbers:
[image: image]

The prime numbers are in increasing order (why?). So
[image: image]

Let N = p1 × p2 × p3 × … × p
t
 and M = p
t+1 × p
t+2 × p
t+3 × … × ps
 where 3 < t < s. Each prime number pk
 divides either N or M, but not both (why?). The number N + M is larger than ps
 and not divisible by any prime number. Then it is prime and this is a contradiction (why?).










1  Truth tables are diagrams used to analyze composite statements. A column is assigned to each of the simple statements that form the composite statement. Then one considers all possible combinations of “True” and “False” for them. The logic connectives used to construct the composite statement (e.g., and, or, if …, then ….) will determine the truth value of the composite statement.
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